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| Convolution via FFT L v

BAYREUTH

: T : Mathematics VII
Assume two absolutely continuous distributions Fy, F5 on R with

unbounded support. Matthias Kohl

. Computation of
Step 1: Truncation p. :
the Finite-Sample

Step 2: Discretization on a real grid (— lattice distribution) Risk of Robust
. . . . . Estimators
Step 3: Transformation to an integer grid (— integer latt. distr.)
07/17/2004

Step 4: Convolution via FFT on integer grid (based on (circular)
convolution theorem for discrete Fourier transforms)

Step 5: Back-transformation to real grid

Step 6: Smoothing (e.g. by linear functions)

Step 7: Standardization

N
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Implementation: R package distr, treats one-dimensional Matthias Kohl

distributions by means of S4 classes (on CRAN since April). Computation of
[Ruckdeschel et al. (04)] the Finite-Sample
Risk of Robust
More details and examples: K. et al. (04) Estimators
07/17/2004

Similar algorithms for the computation of compound distributions
in insurance mathematics: Bertram (81), Grubel and
Hermesmeier (99, 00) (including investigation of aliasing and

discretization errors)
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Example: Convolution of Exponential Distributions Exp (\)

n € q dE) dhﬁ comp. time
10 | 2.1e—-05 | 4.0e—05 0.1

2| 1e—08 | 13 || 3.3e—07 | 6.3e—07 0.8
15 || 3.2e—08 | 3.9e—08 3.5
12 || 4.6e—06 4.6e—06 2.7

50 || 1e—08 | 13 || 1.2e—06 | 1.0e—06 5.5
14 || 4.0e—07 | 3.2e—07 14.0

n: convolution power

N

e: truncation error (step 1)

27: number of lattice points (step 2)

d%: (numerical) total variation distance of the densities

d%: (numerical) Kolmogorov distance of the cdfs.
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Summary
e Results are independent of the parameter .

e Even more accurate in case of Normal distributions (also
independent of the parameters).

e Algorithm is numerically exact for lattice distributions like
Binom (n, p) or Pois ().

e Results can even be improved under certain additional
conditions (e.g. smoothness of the densities = Richardson
extrapolation) and in certain special cases (e.g. heavy-tailed
distributions = exponential tilting).

[Griibel and Hermesmeier (99, 00)]
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/II One-dimensional normal location \D’UN,VERSW

BAYREUTH

I1.1 Finite-sample solution Mathematics VI

Contamination/total variation neighborhoods: Matthias Kohl

Computation of

Uer (0) = {Q < My (B) ’ Q= (1—¢)P — 5} the Finite-Sample
where .6 € [0, 1) with e + 0 € (0,1). Risk of Robust
Estimators
General assumptions:
07/17/2004

e Py(du) = f(u— 0)A(du) with log f concave
e the observations are assumed to be i.i.d. (also under
deviations Qg from Fy); i.e., Q) = Q). Qo (n € N fixed).

The finite-sample risk of an arbitrary estimator S : R*" — R is

Risk (S) =sup sup max{Qf(S>0+71), Qj(S<0-1)}
0ER QopEU., (0)

K for a given constant 7 € (0, 00) (under-/overshoot probability)/
[1-1
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N

Finite-sample solution for Py = N (0, 1):

One-dimensional simple linear regression: Rieder (89)

~

Assume ££20 < 93 (7) — 1. Then, the M estimator S satisfying

1—e

~

no 5 bl
> 0f (g~ S5) =0 ¥, (u) = wmin {1,722 }
=1

" ul

with equal randomization between the smallest and the largest

solutions where b is the unique solution b € (0, c0) to

et UFexp(=20m))0 — oxp(—2b7)®(1 — b) — B(—T — b)

Is equivariant and minimax for all, arbitrary, estimators
[Huber (68)].

(assumptions: F' = fdX, log f concave, K(x = 0) = 0)
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1.2 Asymptotic solution g uersn

Mathematics VII

Infinitesimal neighborhoods: Replace € and § by ¢, := ¢/\/n and Matthias Kohl

0n = 0/\/n where £,§ € [0,00). Moreover, 7~ 7, :=7//n. Computation of
the Finite-Sample
General assumption: Finite Fisher-information of location Risk of Robust
1 1 1 i
[ZQOC = Ep, (A]?C)2 < oo, AP(u) = —f'/f(u) Estimators
07/17,/2004

The under-/overshoot probability of an asymptotically linear
estimator S = S, with influence curve ¢ € Lo(Fy) (Ep, v =0,
Ep, wAIJPC = 1) for given 7 € (0,00) is

e+25 Cinfp ] —
askisk (5) = o = [P/E% BVl 7)
Po
(by invariance: 6 = 0)

S s
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Asymptotic solution for Py = N (0,1):
Assume (¢ + 20) < +/2/m 7. Then,

G = Aumin {1,750} (45)7 = 20() — 1

cv )
[ul

where 2% is the unique solution b € (0, 00) to

(e+20) =27 [gp(b) — bq)(—b)]

Construction of S’gﬁ as M estimator with equal randomization

between the smallest and largest solution.
[Rieder (94), Theorem 6.2.4]

One-dim. simple linear regression: Rieder (80, 81), K. (04)

N

(assumptions: Z;°¢ < oo, Ez? < o)
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/II.3 Computation of Finite-Sample Risk \&

We fix n € N and consider 7,, € (0, c0) and radii ¢,,,6,, € [0, 1). Mathematics VI

. : : : Matthias Kohl
M estimators: Given b € (0,00) we consider the M estimator Sy aras 1o

Computation of

satisfying
the Finite-Sample
Sy —Sm) =0 (u) =umin{1,b/|ul} Risk of Robust
=1 Estimators

with equal randomization between the smallest S’ and the 07/17/2004
largest solutions S”/. Sy is equivariant and we have

(51> 0} C { 3 w(ui)[;o} c (511> 0}
i=1 -
for any given uq,...,u,. If QQ is absolutely continuous we get
Q81> 0) = Q" (£ wlu) 210) = (51 2 0)

\ [Huber (81), Rieder (89)] / 11-5

/
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Attaining the finite-sample risk: [K. (04)]
The M estimator S\; attains the finite-sample risk under
Q,—Tn — (1 o gn)N(_Tna 1) + €nH/_7-n
Q7, = (1 —en)N (0, 1) + e, HY,

Tn

in case of contamination neighborhoods (* = ¢) and under

Qo (1) = (Bt 47) — 62), +0uH. (1)  (t€R)
Q! (t) = min { [CID(t — Tpn) + 5nHZn (t)} : 1} (t € R)

Tn

in case of total variation neighborhoods (* = v)
where H’ _ and H_ are absolutely continuous and
concentrated on |7, + b,00) and (—oo, —7, — b|, respectively.

One-dimensional simple linear regression: [K. (04)]

N
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Algorithm A: This procedure directly uses the distribution of
under Q”__, Q7 . The n-fold convolution of this distribution

is calculated using FFT.

Algorithm B: We determine the finite-sample risk by splitting up
S (ug) in (ug)] < b and |i(u;)| = b; i.e., we obtain an
absolutely continuous (conditional normal distributions) and a
discrete part (random walk with values £b). The convolution
of the discrete part can be done analytically, the convolution of
the absolutely continuous part is done by FFT.
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Similar Algorithms for the computation of the finite-sample the Finite-Sample
minimax MSE; confer Ruckdeschel and K. (04). Risk of Robust
Estimators

Special Case (n = 2): If we choose ¢ (* = ¢), respectively, ¢ 07/17/2004

(* = v) such that b = 7, respectively v* = 75, we can

calculate the finite-sample risk analytically.
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Precision of Algorithms A and B for x = c and n = 2

€ T2 = b3S Risk(Sgs) q | errorp errorpg
10 | 5.1e—05 | 2.4e—08

0.0480 2.000 5.2560 12 | 1.3e—05 | 1.5e—09
14 | 3.2e—06 | 9.5e—11

10 | 8.4e—05 3.9e—038

0.2357 1.000 29.4290 12 | 2.1e—05 | 2.4e—09
14 | 5.2e—06 1.5e—10

N

error 4, g: error of Algorithm A, resp. B.

29: number of lattice points used in FFT algorithm.

Risk(S2%): finite-sample risk of asymptotic minimax estimator.
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Summary

e The precision of the results is similar in case of
— total variation neighborhoods (* = v)

— finite-sample minimax estimator S

e Since the FFT convolution algorithm maintains its high
precision with increasing convolution power, we expect the
same behavior for Algorithms A and B. This is confirmed by

numerical simulations.

e Algorithm B is more accurate but Algorithm A is clearly
faster. In particular, in case of Algorithm B the computation

time strongly increases with increasing sample size n.

N
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cdf(u)

1.0

0.8

0.6

0.4

0.2

0.0

/II.4 Finite-sample distribution

4 0
cdf of %(@)(ui)%under %Qu”é fore =0.5,1=2.576

d, = 0.1456

/
/

—— cdf of %(ﬂig)(ui)gunder %QTA'ET

— - cdf of N(0.416, 0.412)
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cdf(u)

1.0

0.8

0.6

0.4

0.2

0.0

o .0 0
cdf of %(sz)(ui)%under %Qrm"é[ fore=0.5,1=2.576

d, = 0.0149
o .. .0
e cdf of é@g)(ui)gunder %QTIO"E[O
— . cdf of N(1.577, 1.740)
| | | |
-2 0 2 4
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11.5 Contamination vs. Total Variation
Neighborhoods

Optimal clipping bounds: [K. (04)] (by Taylor expansions)
* = c: b = b + O(n~1/?)
* = v: bl =2 + O(n~1)
(convergence from below)
Finite-sample risks: [K. (04)] (numerically)
% = c: Risk (8) = Risk (52°) + O(n~1/?)
% = v: Risk (S%) = Risk (52%) + O(n~1)
convergence from above)

Simple linear regression: Essentially the same results. [K. (04)]

Relative risks: Various comparisons. [K. (04)]

N
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Optimal clipping bounds

0.8

0.6

0.4

0.2

Optimal clipping bounds fore =0.5=2dand 1 = 2.576

o o o o o o o 0o o o o o o o o o o o o o o o o o

P
++ T
_|_
4+
4+
_|_
+ - A
A
+ INAEA ash
A A
- N
A
A D
+ A
A
A
4 A
A
A
o asymptotic: (*=c,v)
A + finite—sample: (*=v)
A finite—sample: (*=c)
A
| | | | |
5 10 15 20 25

Sample size n
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Finite—sample and asymptotic risks fore = 0.5 =20 and 1 = 2.576

S - x
A
| x Risk(S;) < Risk(S.) o asRisk(S,,)
A Risk@S) ~ + Risk(S)
— o _|
c;\o (90)
[
= A
5 84
= AN A
Q
I
_ X
T N A
o A
: X
= Y e
< A
ir iiﬁ
¢ A X
3 ~ gz A Pal PAY X X X x
¢¢ EX XXX x
MR
o 900000000000
| | | | |
5 10 15 20 25

Sample size n

~
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/II.G Higher Order Approximations \& -

BAYREUTH
Edgeworth Expansion: The corresponding terms are Mathematics VII
o & Y(u;) — Er v OR Matthias Kohl
r (5 < Vit) = 0(t) — () | L (2 - 1) |
i=1  VVarry Gf Computation of
1 (KR, 3 pR 5 3/ the Finite-Sample
+E (ﬂ(t — 3t) + 5( — 10t> + 15t) | | + O(n ) Risk of Robust
Estimators
with R = Q" and
" 07/17/2004
4
b —Ery\° <¢ — Eg ¢>
=30 and =K -3
S (W—Rw TR\ WNarr 0

[Ibragimov (67), Field and Ronchetti (90)]
To determine an approximation of the finite-sample risk, choose

Er ¢
V VarR w

\\\¥ A/// 11-16

t=—v/n
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/Saddlepoint Approximations: An asymptotic expansion of the \
density of the M estimator S, is &

Mathematics VII

no ., A1) _
flt) =4[5 ¢ (t)@ 1+0(n™")] teR Matthias Kohl
: Computation of
with
the Finite-Sample
C_1<t) _ /exp{oz(t)w(u o t)} ’I“(’LL) du Risk of Robust
Estimators
/w u —t)?c(t) exp{a(t)y(u —t)} r(u) du 07/17,/2004

A(t) = / (245w — 1)) e(t) expla(t)p(u — )} r(u) du

and «(t) is the solution o € R to

0= /¢(u —t)exp{a(u —t)} r(u) du

where B = Q" ., Qr, and dR = rdA.[Field and Ronchetti (90)]/ .
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/*: c: We fix e = 0.5 and 7 = ®1(0.995) ~ 2.576 and let the \

sample size n increase (= actual sizes: €, 7,).

b2s n | Risk?(82%) || Riskg; | Riskgz | Riskg
2 39.83 34.92 | 36.50 | 40.17
3 26.97 27.37 | 28.84 | 30.53
4 25.90 22.88 | 24.01 | 24.76
0010 5| 20.10 19.90 | 20.75 | 21.08
10 | 13.42 13.14 | 13.41 | 13.40
100 5.73 5.73 573 | 5.73
1000 4.44 4.44 | 4.44 | 4.44

asymptotic risk: 3.98

Risk?(52%): finite-sample risk via Algorithm B (n < 10), resp. A (n > 10).

Riskgq /2 approximation via Edgeworth expansions up to first /second order.

Qisks: approximation via saddlepoint approximations.
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* = v: We fix § =¢/2=0.25and 7 = ®1(0.995) ~ 2.576 and let

the sample size n increase (= actual sizes: &, 7).

~

b2 n | Risk?(S2%) || Riskg; | Riskgs | Riskg
2 21.56 16.14 | 18.04 | 19.13
3 11.88 12.35 | 12.79 | 13.29
4 11.12 10.18 | 10.24 | 10.48
0010 5 8.80 8.83 | 8.80 | 8.92
10 6.20 6.20 | 6.16 | 6.18
100 4.17 4.17 417 | 417
1000 4.00 4.00 | 4.00 | 4.00

asymptotic risk: 3.98
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Summary

e Convergence towards asymptotic risk faster in case of total
variation neighborhoods.

e Edgeworth expansion up to second order and saddlepoint
approximation yield comparable results. In both cases we need
about 5 — 10 observations to get good approximations.

e For smaller radii €, 0 the Edgeworth expansion up to second
order as well as the saddlepoint approximation yield acceptable
approximations down to sample size n = 4 or even n = 3!

e The higher order approximations are fast to compute and the
computation time is independent of n (in contrast to our
Algorithms A and B).

\_ /
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111 Conclusion

e \We provide a way to compute a very accurate numerical
approximation of the finite-sample risk and the finite-sample
distribution of differently robust estimators using FFT. Thus, we
are able to check the asymptotics against finite-sample

results.

e The speed of convergence towards the asymptotic values is
of order O(n~1/2) in case of contamination neighborhoods
whereas it is of order O(n™!) in case of total variation
neighborhoods.

e Edgeworth expansions up to second order as well as
saddlepoint approximations yield good approximations of the
finite-sample risk for sample sizes down to about 5 in this setup.
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