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Abstract Robust Statistics considers the quality of statistical decisions
in the presence of deviations from the ideal model, where deviations are
modelled by neighborhoods of a certain size about the ideal model. We
introduce a new concept of optimality (radius-minimaxity) if this size or
radius is not precisely known:

For this notion, we determine the increase of the maximum risk over
the minimax risk in the case that the optimally robust estimator for the
false neighborhood radius is used. The maximum increase of the relative
risk is minimized in the case that the radius is known only to belong to
some interval [rl, ru] . We pursue this minmax approach for a number of
ideal models and a variety of neighborhoods. Also, the effect of increasing
parameter dimension is studied for these models.

The minimax increase of relative risk in case the radius is completely
unknown, compared with that of the most robust procedure, is 18.1%
vs. 57.1% and 50.5% vs. 172.1% for one-dimensional location and scale,
respectively, and less than 1/3 in other typical contamination models. In
most models considered so far, the radius needs to be specified only up to
a factor ρ ≤ 1

3 , in order to keep the increase of relative risk below 12.5%,
provided that the radius–minimax robust estimator is employed. The least
favorable radii leading to the radius–minimax estimators turn out small:
5%–6% contamination, at sample size 100 .
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1 Introduction and Summary

1.1 Statistical Folklore

It has been said that robust procedures depend but little on the tuning
constants regulating the degree of robustness. However, the good-natured
dependence has hardly ever been documented nor has it been investigated
theoretically.

In robustness theory, the tuning constants are determined by the neigh-
borhood radius via certain implicit equations, and the radius appears as
a one-dim. nuisance parameter of robust neighborhood models. More ab-
stractly, the model deviations may be treated as values of an infinite dim.
nuisance parameter; cf. Rieder[HR henceforth] (2000). But the more ele-
mentary case of just the radius has not been considered by mathematical
and semiparametric statistics.

Some textbooks create an impression contrary to data-analytic experi-
ence. For example, Witting and Müller–Funk (1995; Anmerkung 6.44) de-
clare the choice of the clipping constant c to be of decisive importance and,
in their Beispiel 7.4.5, state that the radius is unknown in practice. Since,
however, the two quantities are connected, a light of arbitrariness is shed
on robust procedures.

As for a theoretical indication of the weak dependence, the adaptive
clipping by Beran (1981) and HR (1994; Remarks 6.4.6 and 6.4.9) may
be recalled. The adaptive modification of clipping constants by means of
a goodness-of-fit statistic would not show up in the asymptotic results.
On closer inspection, this is caused by these clipping constants tending to
infinity. Thus, the construction is essentially bound to infinitesimal Hellinger
balls, which are no gross-error neighborhoods; cf. Bickel (1981; Théorème 8)
and HR (1994; Example 6.1.1).

1.2 Our Approach

Instead, we propose to evaluate the maximum risk of the estimator which
is optimally robust for a neighborhood of radius r0 over a neighborhood of
radius r , and relate the result to the minimax risk for that radius r . On
division, the inefficiency is obtained—the limit of the ratio of sample sizes
such as to achieve the same accuracy asymptotically. The inefficiency as a
function of r is called the inefficiency curve of the estimator (1 at r = r0 ).
Inefficiency minus 1 is termed subefficiency (0 at r = r0 ).

It can be proven (Theorem 2.1), that the inefficiency curves are bowl-
shaped, smoothly increasing from the value 1 at r = r0 towards both sides
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to two relative maxima at the interval boundaries. Determination of r0 so
as to equate both boundary values will minimize the maximal subefficiency
over r in the respective estimator class (M -estimates, asymptotically linear
estimators).

The radius r0 may be termed least favorable in the sense that the
corresponding optimally robust estimator—besides being minimax for the
particular neighborhood of radius r0 —is radius–minimax, minimizing the
maximal subefficiency over the radius range. It is the recommended robust
estimator in case that the true radius r is unknown except to belong to the
radius interval.

Remark 1.1 (a) There is no saddle point though. The subefficiency of the
radius–minimax estimator is elsewhere worse (i.e., larger) than at r0 , where
it is 0 , and equally worst (i.e., maximum) at the boundaries of the radius
interval.

(b) Our approach is not restricted to the infinitesimal setup, as intro-
duced in Subsection 2.1.2(b). The concept in principle applies to arbitrary
models, risks, and neighborhood types. Only the numerical evaluations may
be easier in some specifications than in others. ut

To appreciate these new notions, consider the simplest possible example,
one-dim. location in the setup of infinitesimal neighborhoods: we obtain a
least favorable (starting) radius of r0 = .62 , which is just 6.2% conta-
mination at sample size n = 100 . The minimax subefficiency is 18.1% and
leads to an M -estimate as corresponding radius-minimax procedure with
clipping height .719 , which is very close to the H07-estimate of Andrews et
al. (1972). Three general conclusions may be drawn from our results:

(i) The minimax subefficiency is small. Small in comparison with
the most robust estimators, and small for practical purposes. Consistent
estimation of the radius from the data hence seems neither necessary nor
worthwhile—however under the provision that the radius–minimax robust
estimator is employed.

(ii) The least favorable radii are small. This surprising fact seems
to confirm Huber (1996; Sec. 28, p 61), who distinguishes robustness from
diagnostics by its purpose to safeguard against—as opposed to find and
identify—deviations from the assumptions; in particular, to safeguard against
deviations below or near the limits of detectability. Like Huber (1996), the
small least favorable radii we obtain might question the breakdown liter-
ature, which is concerned only with (stability under) large contamination
and, at most, (efficiency under) zero contamination.

(iii) The radius-minimax procedure does not depend on the risk.
With respect to contamination or total variation neighborhood systems
about a given parametric model, in a reasonably large class of convex risks
which are homogeneous in bias and (square root of) variance, compare the
assumptions to Theorem 2.1 below, the radius-minimax procedure for com-
pletely unknown radius does not depend on the risk (Thm. 2.1(b)). Thus, in
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these cases, a universal optimally robust procedure is obtained that neither
depends on a radius nor on a loss function.

1.3 Comparison With Semiparametrics

The radius, albeit a one-dim. quantity, in connection with the robust neigh-
borhoods has infinite dim. features, and so a comparison with a basic semi-
parametric model is recommended.

We assume the classical univariate location model with unknown sym-
metric error distribution F and density f of finite Fisher information I loc

F =∫
(Λloc

F )2 dF , where Λloc
F = −f ′/f , and consider the location M -estimate

defined by some odd function ψ0: R → R ; for example, ψ0 = Λloc
F0

for some
other such law F0 .

Then, provided certain weak regularity conditions are satisfied by ψ0

and F , the M -estimate under observations i.i.d. ∼ F is asymptotically
normal with asymptotic variance

Varloc(ψ0, F ) =
∫
ψ2

0 dF(∫
ψ0Λloc

F dF
)2 ∈ (0,∞) (1.1)

However, if ψ0 , on some nondegenerate interval, is absolutely continuous
with a bounded derivative, we can show that

sup
F∈Us,i

c (F0,ε)

Varloc(ψ0, F ) · I loc
F = ∞ ∀ ε ∈ (0, 1) (1.2)

where U s,i
c (F0, ε) =

{
(1− ε)F0 + εH

∣∣ H symmetric, I loc
H <∞

}
.

Thus, if only the nuisance parameter F changes arbitrarily little (in L1 ),
the inefficiency of the location M -estimate defined by ψ0 may become
infinite. For the proof, and the similar result for scale, cf. HR (2001)

In comparison with the radius as a nuisance parameter in robust statistics—
the results of this study—the highly unstable situation is just the opposite.
Further relations with semiparametrics are derived in HR (2000)

1.4 Uniform Convergence To The Normal Limit

Uniform convergence to the normal limit is an issue, in particular in con-
nection with the large families of probabilities which make the models in
semiparametrics and robustness, respectively.

But the desirable uniformity cannot be achieved by adaptive and fully ef-
ficient estimation. Using equivariance, Klaassen (1980) derives such a finite-
sample result for the one-dim. location model. Consequences are noted by
Bickel (1982; Remark 5.5) and Huber (1996; 1996; Sec. 28). Bickel (1981;
Note, p 51) asks for extensions. Pfanzagel and Wefelmeyer (1982; Sec. 9.4)
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derive an asymptotic version for real-valued smooth functionals. The fol-
lowing extension to k -dim. linear regression provides the asymptotic lower
bound 1− 2−k in Kolmogorov distance.

Consider the regression model Pθ(dx, dy) = f(y − x′θ) dyK(dx) with
unknown parameter θ ∈ Rk , univariate error law F (du) = f(u) du of finite
Fisher information of location, and regressor law K such that the k × k
matrix K =

∫
xx′K(dx) is regular. Then, for fixed F , the model is L2 -

differentiable at each θ with scores function Λθ(x, y) = Λloc
F (y−x′θ)x and

Fisher information Iθ = I loc
F K .

By definition, the standardized laws of an adaptive estimator (Sn) are
asymptotically standard normal such that, for each main/nuisance para-
meter pair (θ, F ) ,

Vn
θ,F := Lθ,F

{√
n I1/2

θ,F (Sn − θ)
}
−−→w N (0, Ik) (1.3)

weakly, as n→∞ , where Ik = k × k identity matrix.
Fix θ and F0 . Then, if (Sn) is an adaptive estimator, andεn ∈ (0, 1)

any sequence tending to 0 , we can show that, in Kolmogorov distance dκ ,

lim inf
n→∞

sup
F∈Us,i

c (F0,εn)

dκ

(
Vn

θ,F ,N (0, Ik)
)
≥ 1− 1

2k
(1.4)

where U s,i
c (F0, εn) =

{
(1− εn)F0 + εnH

∣∣ H symmetric, I loc
H <∞

}
.

Remark 1.2 The result is proved for more general i.i.d. models of location or
scale structure in HR(2001); it is shown to hold also for MA(q) -models with
innovation distribution F . A somewhat weaker extension to AR(p) - and
ARMA(p, q) -models still renders convergence of the adaptive estimators of
Beran (1976) and Kreiss (1987) nonuniform as above. ut

On second look not so much the estimators are to be blamed for (1.2)
and (1.4) non-uniform asymptotic normality; actually, the law of any esti-
mator Sn is uniformly continuous in total variation. Rather the standard-
ization by Fisher information in (1.3) should be questioned because Fisher
information of location/scale is vaguely lower semicontinuous, but not upper
semicontinuous even in total variation.

In robust statistics, on the contrary, risk is evaluated uniformly by pass-
ing to maximum asymptotic variance/MSE and minimum Fisher informa-
tion, respectively, over neighborhoods. By simple set inclusions, however,
the passage to the supremum g(x, r) = sup

{
f(y)

∣∣ y ∈ B(x, r)
}

of any
function f over balls B(x, r) already implies continuity relative to these
balls of g(. , r) at x for almost all radii; namely, for those r such that
g(x, r − 0) = g(x, r + 0) .

Uniform weak convergence of optimally robust estimators over neighbor-
hoods as proved by Beran (1981), Millar (1981), Bickel (1981; Théorème 5),
Huber (1981), and HR (1994; Chap. 6) also underlies the present investiga-
tion of asymptotic risk.
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In the last analysis, both uniform convergence and the availability of
a low-cost minimax strategy against misspecification of the radius seem to
be consequences of the uniform risk evaluation over total variation type
neighborhoods in robustness theory, and advantages of robust statistics in
practice.

Outline In Section 2 of the paper, the theoretical setup is formulated and
the concepts are formally defined. In Section 3, for a list of ideal models
and neighborhood systems, the optimally robust estimators and their risk
functions are determined. The numerical algorithms are described in Sec-
tion 4. An appendix contains mathematical proofs in section A, tabulated
numerical results in Section B, as well as a selection of four plots.

2 General concept

2.1 Setup

2.1.1 Ideal model For a measurable space (Ω,A) and M1 , the set of prob-
ability measures on A , let P = {Pθ, θ ∈ Θ} ⊂ M1 be a parametric model
with open parameter set Θ ⊂ Rk . We assume P to be L2 -differentiable
with derivative Λθ and Fisher information Iθ > 0 at every θ ∈ Θ . In
the ideal model, the observations Xi are i.i.d. according to Pθ for some
(unknown) θ ∈ Θ . We want to estimate t(θ) , the value of a differentiable
transformation t:Θ → Rp with dt(θ) = Dθ for some matrix Dθ ∈ Rp×k

with rkDθ = p ≤ k . For estimators, we assume asymptotically linear esti-
mators (ALE’s); that is, sequences S = (Sn) of estimators Sn(X1, . . . , Xn)
such that

√
n

(
Sn − t(θ)

)
=

1√
n

n∑
i=1

ηθ(Xi) + oP n
θ
(n0) (2.1)

as n→∞ , for some (partial) influence curve (pIC) ηθ ∈ ΨDθ

θ , where

ΨDθ

θ =
{
ηθ ∈ Lp

2(Pθ)
∣∣ Eθ ηθ = 0, Eθ ηθΛ

′
θ = Dθ

}
(2.2)

As for this setup and definition, cf. HR (1994; section 4.2). In the somewhat
more restricted one-dim. location setup of Huber (1964); i.e., symmetric
Pθ and monotone Λθ , the procedures are further specialized to location
M-estimators.

In the sequel, expectation will always be taken under the fixed ideal model
distribution P = Pθ ; similarly, we put Λ = Λθ (scores), I = Iθ (Fisher
information) and we omit θ whenever it is possible.

2.1.2 Neighborhoods [Nbd’s in the sequel] As general in Robust Statistics,
these ideal models are enlarged to nbd’s; more specifically, we consider
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symmetric contamination nbd’s V of fixed size s ∈ [0, 1) about the ideal P ,
assumed symmetric about zero, consisting of all convex combinations

Q = (1− s)P + sH (2.3)

with arbitrary unknown probability H , symmetric about 0 . These fixed
nbd’s, whose size does not depend on the sample size, are bound to one-
dim. location and Huber’s (1964) minimax asymptotic variance approach.

infinitesimal nbd’s Un = U∗(θ, r/
√
n ) of starting radius r ∈ [0,∞) , given

as the sequence of shrinking contamination (∗ = c ) nbd’s about P at
sample size n , consisting of all

Qn = (1− rn)P + rnHn (2.4)

where Hn may be arbitrary unknown probabilities, and rn = r/
√
n .

Likewise, infinitesimal total variation (∗ = v ) nbd’s are the sequences
of shrinking balls about P , of radius rn = r/

√
n at sample size n , defined

by

dv(Qn, P ) ≤ rn, where dv(Q,P ) = sup
A∈A

∣∣Q(A)− P (A)
∣∣ (2.5)

Infinitesimal nbd’s are employed in the location, scale, and regression mod-
els 3.1.1, 3.1.2, and 3.1.4. In the scale model 3.1.2, they may as well be
restricted by symmetry (that is, P , Hn , and Qn all symmetric). In re-
gression, these nbd’s about P (dx, du) = Φ(σ−1

u du)K(dx) are termed un-
conditional, or errors-in-variables, nbd’s since also the regressor marginal
is subject to distortion.

conditional regression nbd’s U∗,α : Contrary to unconditional nbd’s, they
keep the ideal regressor distribution K , and only the conditional error law
given x may change; to any Markov kernel Qn(du|x) which, for each x ,
is in the nbd about the ideal Φ(σ−1

u du) of radius rε(x)/
√
n . The function

ε: Rk → [0,∞) , which weights the radius depending on the regressor, is
called radius curve.

We employ conditional, or error-free-variables, nbd’s with varying radius
curves ε subject to Lα(K) -norm ‖ε‖α ≤ 1 for α = 1, 2 , respectively. The
cases α = 1, 2 are named average, respectively average square, conditional.

For these nbd’s, see HR (1994; Chap 4,7) and the references cited there.

2.1.3 Risk and Inefficiency The asymptotic maximum MSE of the ALE
with pIC ηr0 that is optimal for an infinitesimal neighborhood of (starting)
radius r0 ∈ [0,∞) , evaluated over an infinitesimal nbd of another (starting)
radius r ∈ [0,∞) is

maxMSE (ηr0 , r) = E |ηr0 |2 + r2ω2
∗,α(ηr0) (2.6)

where ∗ = c, v and α = 1, 2 . The bias terms ω∗,α(ηr0) for the different
models are defined and evaluated in HR(1994; Subsections 5.3.1 and 7.3.2).
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The MSE-inefficiency is then obtained by division through the minimax
asymptotic MSE for radius r ,

relMSE (ηr0 , r) =
maxMSE (ηr0 , r)
maxMSE (ηr, r)

(2.7)

G -risk generalizes MSE as in Ruckdeschel and Rieder (2004): we in princi-
ple consider asymptotic maximal risk R on shrinking nbd’s Un with respect
to certain loss function `: Rp → [0,∞] ; that is,

R(S) = lim
M→∞

lim
n

sup
Qn∈Un

∫
M ∧ `

(√
n (Sn − θ)

)
dQn

n (2.8)

With the usual identification of S and η , let σ2(η) = E |η|2 denote the
trace of the asymptotic covariance; then we generalize the MSE case, where
`(z) = |z|2 and R(η) = σ2(η) + r2ω(η)2 , to losses ` leading to

RG(η) = G(rω(η), σ(η)) (2.9)

where we assume G: (0,∞] × (0,∞) → (0,∞] to be isotone in both argu-
ments, totally differentiable, convex and

inf
{
RG(η)

∣∣ η ∈ ΨD
}
< lim

w→∞
G(w, s), for s2 ≥ trDI−1D′

Theorem 3.1 in Ruckdeschel and Rieder (2004) determines the pIC mini-
mizing this G -risk; it is of the same form as the MSE solution but with
a different equation (Ruckdeschel and Rieder 2004; (3.4)) determining the
clipping height.

2.1.4 G -inefficiency generalizes relMSE and is defined as

ρG(r′, r) :=
G(rωr′ , σr′)
G(rωr, σr)

(2.10)

where ωr , σ2
r denote bias and variance of the G -optimal pIC for radius

r . This inefficiency reflects the loss in efficiency w.r.t. G -risk when using
the r′ -optimal procedure instead of the r -optimal one in a situation with
“true” radius r .

2.2 Unknown radius

The introduced inefficiencies serve to get rid of the dependence on r : For r
varying in [rl, ru] , we define the minimax G -inefficiency as

ρ̄G := inf
r′∈(rl,ru)

sup
r∈(rl,ru)

ρG(r′, r) (2.11)
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where if nothing else is stated, G defaults to MSE, and ρG is simply
relMSE. A radius r0 = rG,0 which attains

sup
r∈(rl,ru)

ρG(r0, r) = ρ̄G (2.12)

is called least favorable radius, and the G -optimal pIC for the least favorable
radius is called radius-minimax .

In addition to the true radius r being completely unknown (unrestricted
radius interval, rl = 0, ru = ∞ ), we consider the cases that the user can
specify the radius up to a factor of 1/3 or 1/2 , that is any r3 or r2 such
that the true radius r certainly would stay within [ 1

3r3, 3r3 ] or [ 1
2r2, 2r2 ] ,

respectively. For any such interval, the least favorable r0 (and thus, the
corresponding radius-minimax estimator) may be found as in the unre-
stricted case. In a further step, least favorable values of r3 and r2 are
determined; these are those radii that maximize the minimax subefficien-
cies over [ 1

3r3, 3r3 ] and [ 1
2r2, 2r2 ] , respectively.

2.3 Theoretical results

Our algorithms employ that the least favorable radius r0 ∈ [rl, ru] is a zero
of the mapping r 7→ ρG(r, rl) − ρG(r, ru) . This uses the bowl-shape of the
ρG curves as plotted in figures attached to this paper which follows from
the fact that s 7→ ρG(r, s) is de/increasing in s for s < r resp. s > r ,
and r 7→ ρG(r, s) is in/decreasing in r for s < r resp. s > r . The follow-
ing theorem (Ruckdeschel and Rieder 2004; Theorem 6.1) guarantees these
monotonicities, as well as the risk-independence alluded to in Subsection 1.2.
In particular, it covers the case of the MSE in all its assertions.

Theorem 2.1 (a) Assume a risk of form (2.9) with G isotone in both
arguments and totally differentiable, and that in addition G be homogeneous
in the sense that there is some function µG: R+ → R+ such that for all
ν > 0 , s > 0 , w > 0

G(νw, νs) = µG(ν)G(w, s) (2.13)

Then for each r′ > 0 ,

sup
r∈(rl,ru)

ρG(r′, r) ≤ µG

( ωr′

ωru

)
∨ µG

(σr′

σrl

)
(2.14)

There is an r1 ∈ (rl, ru) depending on rl, ru , and G , such that

µG

(ωr1

ωru

)
= µG

(σr1

σrl

)
(2.15)
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(b) For rl = 0 ru = ∞ , and the corresponding least favorable radius
r0 = rG,0 , the following identity holds,

sup
r>0

ρG(r0, r) = µG

( ωr0

ωmin

)
= µG

( σr0

σmin

)
= ρ̄G (2.16)

where ωmin denotes the bias of the most robust pIC and σ2
min = trDI−1D′ .

The radius-minimax pIC ηb does not depend on G and, for cases ∗ = c
respectively ∗ = v and k = 1 attains form

ηb = (AΛ− a) min{1, b

|AΛ− a|
} (2.17(c))

ηb = c ∨ AΛ ∧ (c+ b) (2.17(v))

for Lagrange multipliers A ∈ Rp×k , a ∈ Rp , c ∈ (−b; 0) ensuring that ηb

is a pIC, and with clipping height b = bG(rG,0) determined by

ω(ηb)
ωmin

=
σ(ηb)
σmin

(2.18)

3 Optimally Robust Estimates and Their Inefficiency Curves

3.1 List of Ideal Models Considered
In this paper, we consider the following list of ideal models, which is of
course not exhaustive, but somehow representative for our results. Further
models, including the Binomial, Poisson, Gamma and Gaussian ARMA and
ARCH have been considered in Kohl (2005).

3.1.1 k -dimensional normal location:

yi = θ + ui (3.1)

with parameter θ ∈ Rk , errors ui i.i.d. ∼ N (0, σ2
u Ik) , scale σu ∈ (0,∞)

known. The scores are Λθ(y) = σ−2
u (y − θ) and Iθ = σ−2

u Ik the Fisher
information.

3.1.2 One-dimensional normal scale:

yi = θui (3.2)

with parameter θ ∈ (0,∞) , the errors ui i.i.d. ∼ N (0, 1) . The scores and
Fisher information are given by θΛθ(y) = θ−2y2 − 1 and Iθ = 2 θ−2 .

3.1.3 One-dimensional normal location and scale:

yi = µ+ σui (3.3)

with parameter θ′ = (µ, σ) ∈ R × (0,∞) , the errors ui i.i.d. ∼ N (0, 1) .
The scores and Fisher information are given by

Λθ(y) = σ−1

(
σ−1(y − µ)
σ−2(y − µ)2 − 1

)
Iθ = σ−2

(
1 0
0 2

)
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3.1.4 k -dimensional normal linear regression:

yi = x′iθ + ui (3.4)

with parameter θ ∈ Rk , the random regressors xi i.i.d. ∼ K(dx) and
errors ui i.i.d. ∼ N (0, σ2

u) stochastically independent; scale σu ∈ (0,∞)
known. Scores and Fisher information are Λθ(x, y) = σ−2

u (y − x′θ)x and
Iθ = σ−2

u EK xx′ .
For K we employ K = N (0, σ2

xIk) and K = Ufok(0,mx) , the uniform
on a centered ball of radius mx ; σx, mx ∈ (0,∞) .

Remark 3.1 (Simplifications as to the choice of the parameter) In models
3.1.1–3.1.4, the observations are i.i.d.. The inefficiencies turn out invariant
under rescaling of the ui and xi , respectively. So we may fix

σu = 1 , σx = 1 , mx = 1 (3.5)

Moreover, θ = 0 may be fixed in models 3.1.1 and 3.1.4, θ = 1 in mod-
els 3.1.2 and θ = (0, 1)′ in model 3.1.3, due to equivariance of these models.

For all considered models, we also spell out minimax robust estimators and
minimum bias explicitly, based on the general form from HR(1994; Chapters
5 and 7).

3.2 Summary For Some Particular Models

3.2.1 One-Dimensional Robust Location

Nbd’s of fixed size: In Huber’s (1964, 1981) approach, the ideal standard
normal location model is enlarged to symmetric contamination nbd’s V of
fixed size s ∈ [0, 1) ; in his model, we speak of ‘size’ instead of ‘radius’.
As estimators, location M -estimates are employed and judged by their
maximum asymptotic variance.

In this setup, it is the optimally robust M -estimate for s0 = 27.8%
(least favorable) that minimizes the maximum subefficiency over [0, 1) . The
minimax subefficiency of 18.1% improves on the 57.1% of the median (ap-
proximately optimal as s→ 100%), and it even more improves on the 90.8%
subefficiency (attained for s → 1 , vs. only 3.7% at s = 0) that goes with
Huber’s (1964) preferred clipping height ms1 = 1.5 (belonging to the opti-
mally robust M -estimate for symmetric contamination size s1 only 3.76%).
Rather, the H07-estimate with clipping height .70 , which has survived in
Sections 7.B.8 and 7.C.4 of the Princeton robustness study by Andrews
et al. (1972), comes (in fact, very) close to the size–minimax M -estimate
(ms0 = .719) achieving maximum subefficiency 18.7% ≈ 18.1%.

The subefficiency of the size–minimax M -estimate is the maximal 18.1%
only at the unrealistic size boundaries 0 and 1 . On more realistic size
intervals (about s0 = .278), it stays well below 18.1%: below 2.5% for
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.12 ≤ s ≤ .50 , below 5% for .074 ≤ s ≤ .62 , and still below 10% for
.028 ≤ s ≤ .78 .

Thus, using the optimally robust M -estimate for s0 = 27.8%, as op-
posed to the mean, median, or Huber’s proposal, one will not only stay
within 18.1% of the minimax asymptotic variance over a symmetric conta-
mination nbd of whatever size s ∈ [0, 1) but, at the same time, within 2.5%
of the minimax risk for any size 12% ≤ s ≤ 50%, within 5% for any size
7.4% ≤ s ≤ 62%, and still within 10% of the minimax risk for arbitrary
size 2.8% ≤ s ≤ 78%.

Remark 3.2 Via relation (3.6) below, s0 = .278 corresponds to r0 = .62 ,
and the corresponding radius intervals about r0 read:

.37 ≤ r ≤ 1.01 (2.5%), .29 ≤ r ≤ 1.27 (5%), .17 ≤ r ≤ 1.92 (10%). ut

Shrinking Nbd’s: In the infinitesimal setup, despite of the conceptual dif-
ferences to Huber’s approach, the same well-known kind of optimally robust
estimators are obtained. Not so well-known however is that also the max-
imum risks in both models agree (up to a factor 1 − s ), and hence the
inefficiency curves coincide, via the following size/radius–relation:

s = r2/(1 + r2) (3.6)

Thus, the least favorable (starting) radius means r0 = .62 , which is just
6.2% contamination at sample size n = 100 . The minimax subefficiency
again is 18.1%. The subefficiency of the radius-minimax estimator stays
below 2.5%, 5%, and 10%, in the contamination intervals: 3.7%–10.1%,
2.9%–12.7%, and 1.7%–19.2%, respectively, at sample size n = 100 (Re-
mark 3.2). The 18.1% minimax subefficiency may be cut down to less
than 8.9% and 4.5%, if the user can specify any r3 , r2 such that the
true radius r stays within [ 1

3r3, 3r3 ] and [ 1
2r2, 2r2 ] , respectively. The least

favorable radii are r3 = .55 and r2 = .57 , defining the least favorable conta-
mination ranges 1.8%–16.5% and 2.9%–11.4%, at n = 100 , respectively.

Remark 3.3 Our numbers obtained in the asymptotic minimax MSE ap-
proach refer to contamination nbd’s. With shrinking total variation balls
instead, the same estimators are optimally robust for radii one-half those
for contamination and with the same minimax risk. The inefficiency curves
at r (∗ = c ) and r/2 (∗ = v ) thus agree and the radius–minimax procedure
stays the same while the least favorable radius is halved. The coincidence
extends to the k -dim. location and regression models of our study. ut

3.2.2 One-Dimensional Robust Scale centered at the standard normal al-
ready demonstrates the limitations of the minimax asymptotic variance ap-
proach; cf. Huber (1981; Sec. 5.7, p 124).

Apart from one-dim. location, therefore, including scale, the infinitesimal
robust setup is used, employing ALE’s, and maxMSE. In the scale model,
the nbd’s may further be restricted by symmetry.
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If r is totally unknown, the minimax subefficiency is 50.5%, to be com-
pared with the 172.1% of the median absolute deviation, and r0 = .50 is
the least favorable radius (5% contamination at n = 100). If the radius
is known up to a factor of 1

3 or 1
2 , the value 50.5% may be lowered to

less than 20.8% and 9.9%, respectively. The corresponding least favorable
radii r3 = .49 and r2 = .56 define the least favorable contamination ranges
1.6%–14.7% and 2.8%–11.2%, at sample size n = 100 , respectively.

Remark 3.3 does not extend to the normal scale model, as its scales
scores are even-symmetric. Also the optimally robust influence curve for
total variation (spelled out here seemingly for the first time) differs from
that for contamination of twice the radius; in particular, the new solution
always involves clipping from below; cf. Subsection 3.4.

Nevertheless, the 1 : 2 relation seems to hold at least approximately
for the least favorable radii: r0 = .27 , r3 = .24 , and r2 = .25 (numerical
evaluation). But the subefficiency numbers, too, are only about one half
those for contamination: The minimax subefficiency 25.4% in case ρ = 0
compares with 85% maximum subefficiency of the most robust estimate,
and drops to 11.5% and 5.6%, respectively, if ρ = 1

3 ,
1
2 ; cf. Subsection B.2.

Thus, robust scale estimation becomes even more stable under radius
misspecification if it is based on, and employs the optimally robust proce-
dures devised for, the larger total variation balls.

3.2.3 k -Dimensional Robust Location about the k -variate standard nor-
mal enlarged by r/

√
n -contamination nbd’s has the minimax subefficiency

of r ∈ [0,∞) unknown decrease from 18.1% for k = 1 to 12.1% for k = 2,
and to 9.1% for k = 3. As k increases, the relative MSE-risks are squeezed
towards 1 near the origin but, due to arbitrarily large supnorms of the
optimally robust influence curves, spread out to the right. The minimal
standardized bias of asymptotically linear estimators under contamination
(the minimal supnorm of their influence curves) is

ωmin
c = kΓ (k

2 )
/(√

2Γ (k+1
2 )

)
≈
√
k as k →∞ (3.7)

and is achieved by the minimum L1 -estimate. Also the trace of the covari-
ance of this estimate equals approximately trace k of the inverse Fisher
information; intuitively speaking, by its influence curve only one out of k
spherical coordinates, the length, is sacrificed. Consequently, the minimum
L1 -estimate becomes the nearly optimal choice for larger dimension. For
k ≥ 5 , its maximum subefficiency over the full radius range is less than 10.4%,
for k ≥ 10 less than 5.1%, and it stays within a factor of 2 of the minimax
value, both subefficiencies decreasing to 0 as k → ∞ ; cf. Subsection B.1
and the web-page to this article.

3.2.4 Infinitesimal Nbd Regression Unconditional, or errors-in-variables,
nbd’s are about the joint law of regressor and error; in particular, the regres-
sor distribution may be distorted, too. Conditional, or error-free-variables,
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regression nbd’s, which go back to Huber (1983) and Bickel (1984), on the
contrary keep the ideal K to have only the conditional error distribution
given x distorted—by an amount rε(x)/

√
n . As for more details on infi-

nitesimal regression nbd’s, unconditional and conditional, radius curves, cf.
HR (1994; Chap. 7), who also provides the required MSE-optimality.

We employ conditional, or error-free-variables, nbd’s with any radius
curves ε subject to Lα(K) -norm ‖ε‖α ≤ 1 for α = 1, 2 . These cases
obtain the attributes average, and average square, respectively.
For square average conditional contamination, Huber M -estimates are op-
timally robust. Independently of the regressor distribution, their relative
risks turn out identical to those in the one-dim. location model with infini-
tesimal contamination nbd’s; cf. Subsubsection 3.7.2. Minimax inefficiencies
and least favorable radii, therefore, are the same as for one-dim. location.

Hampel–Krasker estimates are optimally robust in case of average condi-
tional, as well as unconditional, contamination. The minimax subefficiency
over the full radius range descends from the values 27.1% (K uniform) and
34.7% (K normal) for k = 1 to the value 18.1% (one-dim. location) as
k →∞ . Related numbers, e.g. the minimax subefficiency in case the radius
can be specified up to factor 1

3 or 1
2 , converge likewise. The least favorable

radii r0 approach the value .62 (one-dim. location) from below. For all di-
mensions, the minimax subefficiency cuts down the maximum subefficiency
of the most robust estimate to less than 1/3 its value; cf. the tables in
Subsubsection B.4.

Remark 3.4 The limit for increasing dimension depends on our choice of
regressor distributions, and may explained by the fact that |x| ≈ 1 in
the case K(dx) = Ufok(0,m) , and that |x| ≈

√
k in the case K(dx) =

N (0, σ2Ik) , if k is large.
If the spherically symmetric regressor distribution K(dx) were chosen

such that the distribution of |x| for general dimension k is the same as
for dimension k = 1, then the inefficiency numbers and least favorable
radii would stay the same as for one dimension; that is, in the tables of
Subsection B.4, the first lines would be valid for all other dimensions as
well. ut

In the following subsections 3.3, 3.4, 3.5, and 3.6, the MSE-minimax IC ηr

to radius r ∈ [0,∞) and r = ∞, ∗ = c/v as well as the minimum bias will
be provided by HR (1994; Theorems 5.5.7, 5.5.1.b/5.5.5b), respectively. We
will not mention this in each case.

3.3 One-Dimensional Location

3.3.1 Minimax Asymptotic Variance In the k = 1 dim. location model 3.1.1,
we start with symmetric contamination nbd’s 2.1.2 (a). The minimax M-
estimate for size s ∈ [0, 1) is defined by

ψs(u) = (−ms) ∨ u ∧ms ,
s

1−s ms = E
(
|u| −ms

)
+

(3.8)
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as given by Huber (1964). For size s = 1, we take ψ1 from the median,

ψ1(u) = sign (u) (3.9)

The maximal asymptotic variance of ψs0 (that is, of the M-estimate
based on ψs0 ) for fixed size s0 ∈ [0, 1) evaluated over a symmetric conta-
mination nbd of fixed size s ∈ [0, 1) is

maxVar (ψs0 , s) =
(1− s) Eψ2

s0
+ sm2

s0

[(1− s) Eψ′s0
]2

(3.10)

respectively, in the case of the median,

maxVar (ψ1, s) =
π

2(1− s)2
(3.11)

The Var-inefficiency, for s0 ∈ [0, 1] and s ∈ [0, 1) , is

relVar (ψs0 , s) =
maxVar (ψs0 , s)
maxVar (ψs, s)

(3.12)

Although maxVar (ψ1, 1) = ∞ , the median is approximately optimal for
nbd size s→ 1 , as not only ψs/ms → ψ1 pointwise but, more conclusively,
we show that

lim
s→1

relVar (ψ1, s) = 1 (3.13)

3.3.2 Minimax Asymptotic MSE for r/
√
n -Contamination Balls Still in

the k = 1 dim. normal location model 3.1.1, we continue with infinitesimal
contamination nbd’s 2.1.2 (b) and get for r ∈ [0,∞)

ηr(u) = Arumin
{
1, cr|u|−1

}
(3.14)

where
1 = Ar E |u|min

{
|u|, cr

}
, r2 cr = E

(
|u| − cr

)
+

(3.15)

and for r = ∞ ,
η∞ (u) = ωmin

c sign (u) (3.16)

which is the IC of the median and achieves minimum bias

ωmin
c =

(
E |Λ|

)−1 =
√
π/2 (3.17)

In Subsection A.2 we prove the following relation between the maximum
risks of the optimal estimates in the two models 3.3.1 and 3.3.2,

(1− s) maxMSE (ηr0 , r) = maxVar (ψs0 , s) (3.18)

where the radii r0, r ∈ [0,∞) and sizes s0, s ∈ [0, 1) are connected by

s = r2
/
(1 + r2) , s0 = r20

/
(1 + r20) (3.19)

Consequently, by (3.18) and (3.19), the inefficiency curves coincide in the
two models,

relMSE (ηr0 , r) = relVar (ψs0 , s) (3.20)
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3.4 One-Dimensional Normal Scale

3.4.1 r/
√
n -Contamination Balls In the normal scale model 3.1.2, we start

with infinitesimal contamination nbd’s 2.1.2 (b) and get for r ∈ [0,∞)

ηr(u) = Ar(u2 − α2
r) min

{
1, cr/|u2 − α2

r|
}

(3.21)

where Ar and αr ensure that ηr is an IC and

r2 cr = E
(
|u2 − α2

r| − cr
)
+

(3.22)

The parabola u2 − α2
r in (3.21) is clipped only from above for r ≤ 0.920 ,

and for r ≥ 0.920 from above as well as from below. The centering constant
αr decreases from α0 = 1 to α∞ = Φ−1(3/4) ≈ 0.674 . For r = ∞ ,

η∞ (u) = ωmin
c sign (|u| − α∞) (3.23)

which is the IC of the MAD and the IQR, attaining minimum bias

ωmin
c =

(
E |u2 − α2

∞|
)−1 =

(
4α∞ϕ(α∞)

)−1 ≈ 1.166 (3.24)

3.4.2 r/
√
n -Total Variation Balls Still in scale model 3.1.2, we continue

with infinitesimal total variation nbd’s 2.1.2 (b) and get for r ∈ [0,∞) :

ηr(u) = Ar{[gr ∨ u2 ∧ (gr + cr)]− 1} (3.25)

where Ar and gr ensure that ηr is an IC and

r2 cr = E(gr − u2)+ (3.26)

For r = ∞ , we get

η∞ (u) = ωmin
v

{
P (|u| < 1) I(|u| > 1)− P (|u| > 1) I(|u| < 1)

}
(3.27)

with minimum bias

ωmin
v = (EΛ+)−1 =

√
π e / 2 ≈ 2.066 (3.28)

3.5 One-Dimensional Location and Scale, Contamination

We consider the one-dim. normal location and scale model 3.1.3 with infi-
nitesimal contamination nbd’s 2.1.2 (b) and get for r ∈ [0,∞)

ηr(u) =
(
ηloc

r (u)
ηsc

r (u)

)
=

(
Aloc

r u
Asc

r (u2 − α2
r)

)
wr(u) (3.29)

with
wr(u) = min

{
1,

br
|Tr|

}
, |Tr|2 = (Aloc

r )2u2 + (Asc
r )2(u2 − α2

r)
2 (3.30)

where Aloc
r , Asc

r , and αr ensure that ηr is an IC and

r2br = E(|Tr| − br)+ (3.31)
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The location part ηloc
r of the minimax IC ηr is a redescending function

in u . The centering constant αr of the scale part decreases from α0 = 1
to α∞ ≈ 0.610 . For r = ∞ , we get

η∞(u) = ωmin
c

(
u

A∞(u2 − α∞)

)
|T∞|−1 (3.32)

with
|T∞|2 = u2 +A2

∞(u2 − α∞)2 (3.33)

attaining minimum bias

ωmin
c = max

{1 +A∞
E |T∞|

∣∣∣α∞, A∞ ∈ R
}
≈ 1.618 (3.34)

where A∞ ≈ 0.792 .

3.6 k -Dimensional Location, Contamination

We consider the k -dim. location model 3.1.1 and infinitesimal contamination
nbd’s 2.1.2 (b). For r ∈ [0,∞) , due to spherical symmetry (Lemma A.3),
we get

ηr(u) = αrumin
{
1, cr|u|−1

}
(3.35)

where
k = αr E |u|min

{
|u|, cr

}
, r2 cr = E

(
|u| − cr

)
+

(3.36)

For r = ∞ , we get
η∞ = ωmin

c u/|u| (3.37)

being the IC of the minimum L1–estimate and attains minimum bias ωmin
c .

In Subsection A.4 we show that

ωmin
c =

k

E |Λ|
=

kΓ (k
2 )

√
2Γ (k+1

2 )
(3.38)

For increasing dimension, it holds that

lim
k→∞

ωmin
c√
k

= lim
k→∞

E |η∞|2

k
= 1 (3.39)

Thus, the squared minimum bias is about the same as the MSE in the ideal
model, in which the minimum L1–estimate becomes approximately efficient.
Since, moreover,

lim
k→∞

maxMSE (ηr0 , r)
maxMSE (η∞, r)

= 1 (3.40)

where the convergence is uniform on bounded r0 -, r -intervals, this most
robust estimate also becomes approximately radius–minimax. Proofs for
assertions (3.39) and (3.40) may be found on the web-page to this article.
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3.7 Regression, Average (Square) Contamination

In the conditional nbd setting of this subsection, we read off the optimal so-
lutions provided by HR(1994; Theorem 7.4.13 and 7.5.15) and use spherical
symmetry, respectively Lemma A.3.

3.7.1 Average Contamination Nbd’s (∗ = c, α = 1 ) We consider the
k -dim. normal regression model 3.1.4 and average conditional regression
nbd’s 2.1.2 (c) of type contamination. For r ∈ [0,∞) , we get

ηr(x, u) = αrxumin
{
1, cr|xu|−1

}
(3.41)

where
k = αr E |xu|min

{
|xu|, cr

}
, r2 cr = E

(
|xu| − cr

)
+

(3.42)

For r = ∞ ,

η∞ (x, u) = ωmin
c,1

x

|x|
sign (u) (3.43)

which achieves minimum bias ωmin
c,1 . Analogously to (3.38) we show that

ωmin
c,1 =

k

E |Λ|
=

√
π

2
k

E |x|
(3.44)

As proven on the web-page to this article, for increasing dimension k →∞ ,
the MSE-inefficiency tends uniformly on bounded r0 -, r -intervals to the
MSE-inefficiency in the one-dim. location model 3.3.2,

lim
k→∞

relMSE (ηr0 , r) = relMSE (η1.loc
r0

, r) (3.45)

where η1.loc
r0

is given by (3.14) and (3.15).

3.7.2 Average Square Contamination Nbd (∗ = c, α = 2 ) We consider
the k -dim. normal regression model 3.1.4 and average square conditional
regression nbd’s 2.1.2 (c) of type contamination. For r ∈ [0,∞) , we get

ηr(x, u) = αrxumin
{
1, cr|u|−1

}
(3.46)

where
k = αr E |x|2 ·E |u|min

{
|u|, cr

}
, r2 cr = E

(
|u| − cr

)
+

(3.47)

For r = ∞ , we get

η∞ (x, u) = K−1 x

E |u|
sign (u) (3.48)

with K = Exx′ = γ Ik for some γ ∈ (0,∞) , cf. Lemma A.2, where

ωmin
c,2 =

√
trK−1

/
E |u| =

√
πk/(2γ) (3.49)
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Comparing (3.14), (3.15) and (3.46), (3.47), we obtain the following relation
to maxMSE in the one-dim. location model 3.3.2,

maxMSE (ηr0 , r) = k2maxMSE(η1.loc
r0

, r)
/

E |x|2 (3.50)

where η1.loc
r0

denotes the corresponding minimax IC for radius r0 ; in fact,
the constants in (3.14), (3.15) and (3.46), (3.47) are connected via

cr0 = c1.loc
r0

, αr0 = k
/
(E |x|2A1.loc

r0
) (3.51)

Hence, by relation (3.50), the MSE-inefficiencies coincide with those in one-
dim. location, independently of the regressor distribution K(dx) .

4 Numerical Algorithms

We use R (R Development Core Team 2005) to implement the algorithms
and to generate the graphical output. In detail we use the following numer-
ical procedures:

One-Dimensional Location The results for the models 3.3.1 and 3.3.2 are
obtained by the routines for the k -dim. location model 3.6 with k = 1.
Note the coincidence (3.20) via the relation (3.19).

One-Dimensional Scale The clipping bound cr and the centering constant
αr in (3.21)–(3.22) and the clipping constants gr and cr in (3.25)–(3.26)
are calculated by the R-function uniroot().

k -Dimensional Location (Models 3.6) We compute the constants cr and αr

in (3.35), (3.36) by using clipped absolute moments of N (0, Ik) . Because of
the boundedness and the arbitrary smoothness of these moments, we can
apply a two dim. Newton method to calculate cr and αr simultaneously
(cf. Ruckdeschel (2001; Definition D.2.4, Lemma D.2.5, and Korollar D.2.9).

Regression, Average (Square) Contamination(Models 3.7.1, 3.7.2) For av-
erage contamination neighborhoods, the determination of clipping bound cr
in (3.41), (3.42) is performed by by the R-function uniroot(), where the
integration of the outer integral is done numerically using the R-function
integrate(), while for average square contamination neighborhoods, the
procedures may be obtained from the one-dim. location case.

General Procedures In all these models, we do the three calculations:

(a) Given 1 < δ < Var(η∞) , we determine r ∈ (0,∞) s.t. Var(ηr) = δ .
(b) Given ρ ∈ [0, 1) and r ∈ (0,∞) , we determine r0 ∈ [ ρr, r/ρ ] such as
to achieve relMSE(ηr0 , ρr) = relMSE(ηr0 , r/ρ) .

The algorithms in (a) and (b) use the R-function uniroot().
(c) Then, given ρ ∈ [0, 1) , the minimax subefficiency over [ ρr, r/ρ ] is max-
imized with respect to r ∈ (0,∞) . For reasons of monotonicity we may use
the R-function optimize(). For ρ = 0, 1

3 ,
1
2 , thus the least favorable radii

r0 , r2 , and r3 are obtained.
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Plots One plot of the typical inefficiency curve is attached at the end of this
paper. Some more risk- and inefficiency-plots for the models considered in
this study may be looked at, using access name radius, password unknown,
under http://www.uni-bayreuth.de/departments/math/org/mathe7/radius

and downloaded. Further plots are included in Kohl (2005).
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A Lemmas and Proofs

A.1 Optimization

The following lemma serves to derive the solutions to the original MSE prob-
lems from the solutions given (for linear bias) in HR(1994; Theorems 7.4.11.b,
7.4.12.b, 7.4.16.b, and 7.4.18.b), if we set γ(v) = v2 .

Lemma A.1 For a convex subset A of a real vector space X , consider
three convex functions f :A→ R , g:A→ [ 0,∞) , and γ: [ 0,∞) → [ 0,∞) ;
γ increasing. Let β0 ∈ [ 0,∞) . Suppose z0 ∈ A minimizes the Lagrangian
L0 = f + β0 γ ◦ g over A . Assume that γ is differentiable at g0 = g(z0) ,
and put

β1 = β0 γ
′(g0) (A.1)

Then z0 also minimizes the Lagrangian L1 = f + β1 g over A .

Proof Employ the convex combinations zs = (1− s)z0 + sz1 , 0 ≤ s ≤ 1 ,
for any z1 ∈ A . Then z0 minimizes a convex function ` over A iff the
right-hand derivatives ∂` = d

ds

∣∣
s=0

`(zs) at zero are all nonnegative. But

∂L0 = ∂f + β0 γ
′(g0) ∂g = ∂L1 (A.2)

because ∂(γ ◦ g) = γ′(g0) ∂g [ chain rule ]. ut

A.2 One-Dimensional Location

Proof of (3.13) To ψs for s ∈ [0, 1) , integration by parts applies so that∫
ψ′s(u)Φ(du) =

∫
uψs(u)Φ(du) (A.3)

Therefore we can rewrite (3.10) as

maxVar (ψs, s) =
(1− s)

∫
m−2

s ψ2
s(u)Φ(du) + s

(1− s)2
[∫

um−1
s ψs(u)Φ(du)

]2 (A.4)
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Consequentially, the Var-inefficiency of the median is

relVar (ψ1, s) =
π

[∫
um−1

s ψs(u)Φ(du)
]2

2
[
(1− s)

∫
m−2

s ψ2
s(u)Φ(du) + s

] (A.5)

ψs/ms → ψ1 = sign pointwise for s→ 1 and |ψs/ms| ≤ 1 entail that

lim
s→1

relVar (ψ1, s) =
π

2
(
E |u|

)2 = 1 (A.6)

by the dominated convergence theorem. ut

Proof of (3.18)–(3.20) By (3.9) and (3.15), cr = ms , if r and s are
related by (3.19): r2 = s/(1− s) . Using (3.15) we can rewrite (2.6) as

maxMSE (ηr0 , r) =
Emin {u2, c2r0

}+ r2c2r0

[E |u|min {|u|, cr}]2

=
Emin {u2, m2

s0
}+ sm2

s0
/(1− s)

[E |u|min {|u|, ms}]2
=

(1− s) Eψ2
s0

+ sm2
s0

(1− s)[Eψ′s0
]2

by (A.3)

= (1− s)maxVar (ψs0 , s)

which proves (3.18) implying (3.20). ut

A.3 Invariance Under Rescaling

Inefficiency in models 3.1.1–3.1.4 is invariant under rescaling of the errors ui

and the regressors xi , respectively. We prove this invariance for k -dim.
regression and average conditional contamination neighborhoods 2.1.2 (c)
(∗ = c, α = 1), even allowing general error and regressor distributions
F (du) resp. K(dx) as in HR (1994; Theorem 7.4.13). For the other models
considered here, proofs are similar.

Proof of invariance under rescaling (∗ = c, α = 1 ) According to HR (1994;
Theorem 7.4.13.b and Remark 7.4.9), the minimax MSE solution is of form

ηr(x, u) = Arx [Λf (u)− ϑr(x)]min
{

1,
br∣∣Arx[Λf (u)− ϑr(x)]

∣∣} (A.7)

where Ar, ϑr, and br assure that ηr is an IC and

r2 br = E
(
|Arx[Λf (u)− ϑr(x)]− b|

)
+

(A.8)

For regressor z = τ x and error v = σu , rescaled by any τ, σ ∈ (0,∞) ,

η̃r(z, v) = Ãrz [Λf̃ (v)− ϑ̃r(z)]min
{

1,
b̃r∣∣Ãrz[Λf̃ (v)− ϑ̃r(z)]

∣∣} (A.9)

with
Ãr = σ2

τ2Ar , b̃r = σ
τ br , ϑ̃r(z) = 1

σϑr

(
z
τ

)
(A.10)
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where Λf̃ (v) = σ−1Λf (v/σ) and Λf = −f ′/f .
Then it is easy to verify that η̃r is an IC in the rescaled model for which

condition (A.8) holds, so η̃r is indeed the optimum IC there. Using the
relations (A.10) we obtain

maxMSE (η̃r0 , r) = σ2maxMSE (ηr0 , r)/τ
2 (A.11)

for any r0, r ∈ [0,∞) . The factor σ2/τ2 cancels in relMSE. ut

A.4 Spherical Symmetry

We consider models with spherically symmetric scores Λ at Pθ ; i.e.;

L(GΛ) = L(Λ) (A.12)

for all orthogonal matrices G ∈ Rk×k and obtain

Lemma A.2 Let A ∈ Rk×k be symmetric and GAG′ = A for all orthogo-
nal matrices G ∈ Rk×k . Then A = α Ik for some α ∈ R .

Proof Since A is symmetric, there is an orthogonal Matrix G ∈ Rk×k

such that A = GAG′ = diag (α1, . . . , αk) ; so A is diagonal. Now consider
a permutation matrix G ∈ Rk×k . Such G being orthogonal, again A =
GAG′ ; so necessarily α1 = . . . = αk . ut

Fisher information of such models satisfies

G I G′ = E(GΛ)(GΛ)′ = EΛΛ′ = I (A.13)

for all orthogonal G ∈ Rk×k , hence, by Lemma A.2, is a multiple of the
identity: I = γ Ik ; γ ≥ 0 since I is positive semidefinite, and γ > 0 if I
has full rank. The second application of Lemma A.2 is to

Optimally robust influence curves as given by HR (1994; Theorems 5.5.7,
7.4.11, 7.4.13, 7.4.15, 7.4.18, 7.4.19).

Lemma A.3 Under assumption (A.12) the standardizing matrix A (to
achieve Fisher consistency) satisfies A = α Ik for some α ∈ (0,∞) .

Proof We will prove this for k -dim. regression and conditional conta-
mination neighborhoods 2.1.2 (c); that is, for the cases ∗ = c and α =
1, 2,∞ . The proofs in the other cases are similar.
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Case (∗ = c, α = 1 ) For r ∈ [0,∞) define cr ∈ (0,∞] and then αr ∈
(0,∞) by

r2 cr = E
(
|xu| − cr

)
(A.14)

k = αr E |xu|min {|xu|, cr} (A.15)

and put
ηr(x, u) = αrxumin {1, cr|xu|−1} (A.16)

As for all orthogonal G ∈ Rk×k : GE ηrΛ
′G′ = E ηrΛ

′ by spherical sym-
metry of K , Lemma A.2 tells us that E ηrΛ

′ = β Ik . Passing to the trace,
(A.15) yields that β = 1. Because of symmetry of the error distribution,
E. ηr = 0 a.e. K(dx) . Thus, with br := αr cr , ηr in fact is an IC as in
HR (1994; Theorem 7.4.13.b), which form is sufficient to minimax asymp-
totic MSE.

Case (∗ = c, α = 2 ) The median of Λf is unique; so HR (1994; equation
(134) in Theorem 7.4.15.b) applies, giving the minimax IC. Here D = Ik ;
ϑ = 0, by symmetry of the error distribution, and K = I = γ Ik for some
γ ∈ (0,∞) (Lemma A.2 and I loc

f = 1). This gives (A.14)–(A.16). ut

Minimum Bias — Proof of (3.38) and (3.44) For D = Ik , minimum bias
ωmin

c in model 3.6 (k -dim. location) and ωmin
c,1 in model 3.7.1 (k -dim. nor-

mal regression) according to HR (1994; Theorems 5.5.1.b and 7.4.13.c), are
respectively given by

ωmin
c = max

{ trA
E |AΛ− a|

∣∣∣ a ∈ Rk, A ∈ Rk×k \ {0}
}

(A.17)

ωmin
c,1 = max

{ trA
E |Ax|E |Λf −m|

∣∣∣ A ∈ Rk×k \ {0}
}

(A.18)

In our case, the median m of Λf (u) = u under F = N (0, 1) is zero.
Also in (A.17), we may put a = 0. Indeed, by triangle inequality and
(spherical) symmetry of L (Λ) , the zero centering vector 0 = 1

2a + 1
2 (−a)

would decrease the denominator E |AΛ− a| = E |AΛ+ a| .
Despite of different scores functions, we can now handle both models in

one proof, only drawing on the spherical symmetry of L (Λ) .
By the singular value decomposition, U ′AV = diag (α1, . . . , αk) = V ′A′U

for some orthogonal matrices U, V ∈ Rk×k . Then

E |AΛ| = E |U ′AV Λ| = E |V ′A′UΛ| = E |A′Λ| (A.19)

Putting As := 1
2 (A + A′) , the trace stays fixed, while E |AΛ| decreases

(triangle inequality). So we may limit attention to symmetric matrices A .
Since

trGAG′ = trA, E |GAG′Λ| = E |AΛ| (A.20)
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for any orthogonal G , especially for G obtained from the spectral decompo-
sition of A , we may further assume A diagonal, and then with all diagonal
elements nonnegative. Differentiating the Lagrangian L: [0,∞)k → R ,

L(a) = E |AΛ| − λ trA (A.21)

where A = diag (α1, . . . , αk) , it follows that α1 = . . . = αk = 1
k . ut

B Tabulated Inefficiencies And Least Favorable Radii

B.1 k -Dimensional Location

relMSE over r/
√

n -contamination nbd (k ≥ 1 ) and, in case k = 1 , relVar over

symmetric s -contamination nbd’s, where s = r2
/
(1 + r2) .

k relMSE (η∞, 0) ρ = 0 ρ = 1
3 ρ = 1

2 r0 r3 r2
1 1.571 1.181 1.088 1.044 0.621 0.548 0.574
5 1.104 1.062 1.035 1.018 0.577 0.450 0.481
10 1.051 1.035 1.020 1.011 0.520 0.385 0.413
15 1.034 1.025 1.014 1.008 0.485 0.351 0.375

B.2 One-Dimensional Normal Scale

relMSE (η∞, 0) ρ = 0 ρ = 1
3 ρ = 1

2 r0 r3 r2
∗ = c 2.721 1.505 1.208 1.099 0.499 0.485 0.557
∗ = v 1.850 1.254 1.115 1.056 0.265 0.237 0.249

B.3 One-Dimensional Location and Scale

relMSE (η∞, 0) ρ = 0 ρ = 1
3 ρ = 1

2 r0 r3 r2
∗ = c 1.746 1.314 1.147 1.072 0.579 0.536 0.591

B.4 Regression, Average (Square) Contamination

Average Contamination Nbd (∗ = c, α = 1 )

K(dx) = Ufok(0,m) see web-page.

K(dx) = N (0, σ2Ik)

k relMSE (η∞, 0) ρ = 0 ρ = 1
3 ρ = 1

2 r0 r3 r2
1 2.467 1.347 1.146 1.070 0.515 0.474 0.496
5 1.735 1.231 1.107 1.053 0.583 0.514 0.542
10 1.651 1.207 1.098 1.049 0.598 0.526 0.553
15 1.624 1.199 1.095 1.047 0.605 0.532 0.558

Average Square Contamination Nbd (∗ = c, α = 2 )
Same numbers as in one-dimensional location.
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