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1 Introduction

In this technical report we give a short summary of results contained in Chapters 2 -
5 of [Rieder, 1994] where we restrict our considerations to the estimation of a finite-
dimensional parameter in the one sample i.i.d. case (i.e., no testing, no functionals).
More precisely, we assume a parametric family

P={Py|0 €O} C Mi(A) (1.1)

of probability measures on some sample space (£2,.4), whose parameter space © is an
open subset of some finite dimensional R*. Sections 2 - 5 contain a short abridge of
some classical results of asymptotic statistics. For a more detailed introduction to
this topics we also refer to Chapter 2 of [Bickel et al., 1998] and Chapters 6 - 9 of
[van der Vaart, 1998], respectively. In the infinitesimal robust setup introduced in Sec-
tion 6, the family P will serve as ideal center model and at least under the null hypothesis
Py € P the observations yi,...,y, at time n € N are assumed to be i.i.d.. Finally, in
Section 7 we give the solutions (i.e., optimal influence curves) to the optimization prob-
lems motivated in Subsection 7.1. For the derivation of optimal influence curves confer
also [Hampel, 1968] and [Hampel et al., 1986].

2 L, differentiability

To avoid domination assumptions in the definition of Lo differentiability, we employ the
following square root calculus that was introduced by Le Cam. The following definition
is taken from [Rieder, 1994]; for more details confer Subsection 2.3.1 of [Rieder, 1994].

Definition 2.1 For any measurable space (£, A) and k € N we define the following real
Hilbert space that includes the ordinary L5(P)

L3(A) = {¢VdP | € L5(P), P € My(A)} (2.1)
On this space, an equivalence relation is given by

VP =@ [levp - avaldu=0 (2.2)

where | - | denotes the Euclidean norm on R¥ and p € My(A) may be any measure,
depending on P and Q, so that dP = pdu, dQQ = qdu. We define linear combinations
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with real coefficients and a scalar product by

aVdP + fn\/dQ = (a&\/p + Bny/a)V du (2.3)
(EVdP |n\/dQ) = /STU\/ITCJdu (2.4)

We fix some € € © and define Ly differentiability of the family P at 6 using this square
root calculus; confer Definition 2.3.6 of [Rieder, 1994]. Here Eg denotes expectation
taken under Fjp.

Definition 2.2 Model P is called Lo differentiable at 0 if there exists some function
Ag € LE(Py) such that, ast — 0,

I\/dPpe — V/dPp (1 + 5t7Ag)|l o5 = o([t]) (2.5)

and
T = Ey AgAg =0 (26)

The function Ay is called the Lo derivative and the k x k matrix Zy Fisher Information
of P at 6.

Remark 2.3 A concise definition of Lo differentiability for arrays of probability mea-
sures on general sample spaces may be found in Section 2.3 of [Rieder, 1994]. Y/

We now consider a parameter sequence (6,,) about 6 of the form

t
0, =0+ t, —tcRF 2.7
+\/ﬁ —te (2.7)

Corresponding to this parametric alternatives (6,,) two sequences of product measures
are defined on the n-fold product measurable space (Q", A™)

n n
Py =P P =Q) P, (2.8)
=1 =1

Theorem 2.4 If P is Ly differentiable at 0, its Ly derivative Ay is uniquely determined
in L5(Py). Moreover,
EgAg=0 (2.9)

and the alternatives given by (2.7) and (2.8) have the log likelihood expansion

dPy T 1
—Lo > Ao(yi) — 57 ot + ory (n°) (2.10)

1 -
®apy T n 2

where

(\/1% ZAQ(%)> (P§) = N (0,Zy) (2.11)
=1

PRrROOF: This is a special case of Theorem 2.3.7 in [Rieder, 1994]. /i
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3 Local Asymptotic Normality
We first state a result of asymptotic statistics that is known as Le Cam’s third lemma.

Theorem 3.1 Let P,,Q, € Mi(A,) be two sequences of probabilities with log likeli-
hoods Ly, € log Z%:, and S, a sequence of statistics on (2, A,) taking values in some
finite-dimensional (RP,BP) such that for a,c € RP, 0 € [0,00) and C € RP*P,

(2) (Fa) = N <<—aa2/2> ! (f 062)) (3.1)

then
(in) @ () (2 2)) 62
(3.3)
PROOF: [Rieder, 1994], Corollary 2.2.6. Y/
The following definition corresponds to Definition 2.2.9 of [Rieder, 1994].
Definition 3.2 A sequence (Q,,) of statistical models on sample spaces (£2,,,.Ay,),
Qn = {@nt [t € On} C Mi(Ay) (34)

with the same finite-dimensional parameter space ©,, = R¥ (or at least ©,, 1 R¥) is called
asymptotically normal, if there exists a sequence of random variables Z,: (Qy, An) —
(R* BF) that are asymptotically normal,

with positive definite covariance C € RF** and such that for allt € R¥ the log likelihoods
L, € log jg:é have the approximation

1
Lny =472y = 5t"Ct + 0, (n%) (3.6)

The sequence Z = (Z,,) is called the asymptotically sufficient statistic and C' the asymp-
totic covariance of the asymptotically normal models (Q,,).

We now state Remark 2.2.10 of [Rieder, 1994] where we add a part (c¢) and (d).

Remark 3.3 (a) The covariance C is uniquely defined by (3.5) and (3.6). And (3.6)
implies that another sequence of statistics W = (W),,) is asymptotically sufficient iff
Wn = 2Zn + 0Qn.0 (nO)

(b) Neglecting the approximation, the terminology of asymptotically sufficient may be
justified in regard to Neyman’s criterion; confer Proposition C.1.1 of [Rieder, 1994]. One
speaks of local asymptotic normality if, as in section 2, asymptotic normality depends
on suitable local reparametrizations.



4 CONVOLUTION REPRESENTATION AND ASYMPTOTIC MINIMAX BOUND

(c) The notion of local asymptotic normality — in short, LAN — was introduced by
[Le Cam, 1960].

(d) The sequence of statistical models Q,, = {Qnt| Qnt = Py } given by the alterna-
tives (2.7) and (2.8) is LAN with asymptotically sufficient statistic Z,, = ﬁ S No(yi)
and asymptotic covariance C' = Zy. Y/

4 Convolution Representation and Asymptotic Minimax Bound

In this section we present the convolution and the asymptotic minimax theorems in the
parametric case; confer Theorems 3.2.3, 3.3.8 of [Rieder, 1994]. These two mathematical
results of asymptotic statistics are mainly due to Le Cam and Hajek.

Assume a sequence of statistical models (Q,,) on sample spaces (2,,.4;,),

Qn — {Qn,t | te @n} C Ml(An) (41)

with the same finite-dimensional parameter space ©,, = R* (or ©,, T R¥). The parameter
of interest is Dt for some p x k-matrix D of full rank p < k. Moreover we consider
asymptotic estimators

S =(Sn) Sn: (Qn, Ap) — (RPBP) (4.2)
The following definition corresponds to Definition 3.2.2 of [Rieder, 1994].

Definition 4.1 An asymptotic estimator S is called regular for the parameter transform
D, with limit law M € M, (BP), if for all t € R¥,

(Sn — Dt)(Qnyt) ~— M (4.3)
that is, Sy (Qnt) ~w M *Ips as n — oo, for every t € RE.

Remark 4.2 For a motivation of this regularity assumption we refer to Example 3.2.1
of [Rieder, 1994]. The Hodges estimator introduced there is asymptotically normal but
superefficient. However it is not regular in the sense of Definitions 4.1. Moreover, in
the light of the asymptotic minimax theorem (Theorem 4.5), the Hodges estimator has
maximal estimator risk; confer [Rieder, 1994], Example 3.3.10. Y/

We now may state the convolution theorem.

Theorem 4.3 Assume models (Q,,) that are asymptotically normal with asymptotic
covariance C' > 0 and asymptotically sufficient statistic Z = (Z,). Let D € RP*F be a
matrix of rank p < k. Let the asymptotic estimator S be regular for D with limit law
M. Then there exists a probability My € M1 (BP) such that

M = M *N(O, F) I=DC D7 (4.4)
and
(Sn - DC?lZn)(QmO) v MO (45)
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An asymptotic estimator S* is regular for D and achieves limit law M* = N (0,T") iff
Si=DC™'Z, + 0g, ,(n") (4.6)
PROOF: Three variants of the proof are given in [Rieder, 1994], Theorem 3.2.3. Y/

For the specification of the asymptotic minimax theorem we need the definition of the
set L of loss functions; confer pp. 78, 81 of [Rieder, 1994].

Definition 4.4 Let L be the set of all Borel measurable functions ¢: RP — [0, cc] that
are
(a) symmetric subconvex on RP; that is, for all z € RP and all ¢ € [0, 0o,

z) =l(—=2) {z e R?|4(2) < ¢} is convex (4.7)
(b) upper semicontinuous at infinity; that is, for every sequence z, € RP with z, —

z € RP\ RP?,
limsup 4(z,) < 4(z) (4.8)

n—oo

This functions ¢ € L will be called loss functions. If there is an increasing function
v: [0,00] — [0,00] and a symmetric positive definite matrix A € RP*P then a loss
function of type,

0z) = {v(zTAz) if |z] < o0 (4.9)

v(00) if |z] = 00
will be called monotone quadratic.

For part (a) of the asymptotic minimax theorem we assume ©,, open. Moreover asymp-
totic estimators with extended values can be allowed; i.e.,

S =(Sn) Sy (2, Ap) — (RPBP) (4.10)

Theorem 4.5 Assume models (Q,,) that are asymptotically normal with asymptotic
covariance C' > 0. Let D € RP*¥ be a matrix of rank p < k. Put

po = /Ed/\/’ (0,TY TI'=DC7'D" (4.11)

for any Borel measurable function ¢: RP — [0, oc]. B
(a) Then, if ¢ € L and ¢ is lower semicontinuous on RP,

lim lim liminf inf sup / bAL(S, — Dt)dQnt > po (4.12)

b—oo c—00 n—oo S |t|<c
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(b) Suppose £: RP — [0, 0] is continuous a.e. AP and the asymptotic estimator S* is
asymptotically normal for every ¢ € (0,00), uniformly in |t| < ¢,

(Sy = Dt)(Qn,t) > N (0,T) (4.13)
Then for all ¢ € (0,00),
lim lim sup [bA€(Sk — Dt)dQn:t = po (4.14)

b—oon=00 |11 <

and necessarily
Sy =DC1Z, + oq, ,(n°) (4.15)

PRrROOF: [Rieder, 1994], Theorem 3.3.8 and Remark 3.3.9 (d). Y/

5 Asymptotically Linear Estimators

In this section we define influence curves (ICs) respectively, partial ICs and asymp-
totically linear estimators (ALEs). Moreover we derive the Cramér-Rao bound in the
smooth parametric i.i.d. case and restricted to the class of ALEs.

5.1 Definitions

Often ICs are introduced as Gateaux derivatives of statistical functionals; confer Sec-
tion 2.5 of [Huber, 1981] and Section 2.1 of [Hampel et al., 1986], respectively. But most
proofs of asymptotic normality in the i.i.d. case head for an estimator expansion, in which
ICs canonically occur as summands; confer M, L, R, S and MD (minimum distance) es-
timates. The following definition corresponds to Definition 4.2.10 of [Rieder, 1994].

Definition 5.1 Suppose P is Lo differentiable at 6, and assume some matrix D € RP*
of full rank p < k. Let o = 2, 00, respectively.

(a) Then the set Wy(0) of all square integrable and the subset ¥, () of all bounded
influence curves at Py , respectively, are

Vo (0) = {y € L5(Py) | Egrpg = 0, Eg ooy =11} (5.1)

(b) The set U2 (0) of all square integrable and the subset W2 (6) of all bounded,
partial influence curves at Py, respectively, are

U2 (0) = {vy € LE(Py)| Egtho = 0, EgogAj = D} (5.2)
In this context we repeat Remark 4.2.11 of [Rieder, 1994] where we omit part (d) about

L, differentiability, note part (e) without the proof and add time series models to part (f).

Remark 5.2 (a) The attribute square integrable will usually be omitted.
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(b) The classical scores and the classical partial scores,

Vo =TI, Ny € Ua(6) (5.3)
Mo = Dibng = DI, 'Ag € U5 (0) (5.4)

are always ICs, respectively, partial ICs, at Py.
(c) The definition of ¥4(#) and ¥, (6) requires Zy > 0, and Ay nondegenerate in the
sense that, for all t € R¥,

t"TApg =0 ae P = t=20 (5.5)

(d) [.-.]

(e) -] W2(8) = {Disy | v € Va(0)} [

(f) Of course, ¥2(0) = ¥, (0) for D = T. Partial ICs with general D occur when
there are nuisance components. In robust regression — respectively, time series models
—, moreover, conditionally centered (partial) ICs will occur.

(g) Y2 () are closed convex subsets of L5(Py); a = 2, 00. /i

Next we give the definition of asymptotically linear estimators (ALEs); confer Defini-
tion 4.2.16 of [Rieder, 1994].

Definition 5.3 An asymptotic estimator
S=(S,)  Sn:(Q"A") — (RF,BY) (5.6)

is called asymptotically linear at Py if there is an IC 1y € Wo(0) such that
R = it (52— ) = —= 3" bo) + oz () 6.1)
n = VI \On = \/ﬁ — o\Yi OP(? n .

We call R = (R,,) standardization, and vy the IC, of S at P.

We now state Remark 4.2.17 of [Rieder, 1994] where we omit part (c) on L; differentia-
bility and part (f) on the nonparametric convolution and asymptotic minimax theorems.

Remark 5.4 (a) The expansion (5.7) determines the IC 1)y uniquely, because ﬁ Yo n(yi)
with n € L(Pp), Egn = 0, can tend to 0 in P} probability only if Eg |n|? = 0; that is,
n=20a.e. Py

(b) If S is asymptotically linear at Py with IC 1y € WU5(0), then

v (Sp = 0)(Fg') ~ N (0, Cov(p)) (5-8)

because of ¥y € L5(Py), Egvy = 0, and the Lindeberg-Lévy theorem. The third con-
dition Eg¢gAj = Ii, as already noted in the remarks of [Rieder, 1980] (p. 108), is
equivalent to the locally uniform extension of this asymptotic normality; see Lemma 5.5
below.
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(c) []

(d) Extending general M estimates, the class of ALEs has in the case kK = 1 been in-
troduced by [Rieder, 1980]. [Bickel, 1981] defined the related notion CULAN, employing
however compact subsets of © instead of compacts in the local parameter space.

(e) The class of ALEs contains the common asymptotically normal M, L, R and MD
(minimum distance) estimates; confer chapters 1 and 6 of [Rieder, 1994]. In fact, most
proofs of asymptotic normality in the i.i.d. case end up with an extension (5.7); the
corresponding conditions need to be verified only under the ideal model.

(£) [

(g) The previous robustness theories of [Huber, 1964|, [Hampel, 1974], [Rieder, 1980]
and [Bickel, 1981] have been formulated but for ALEs or, even more specialized, for M
estimates. Y/

The following lemma corresponds to Lemma 4.2.18 of [Rieder, 1994]. It is a consequence
of Theorem 2.4 together with Slutzky’s lemma, the Cramér-Wold devive and Le Cam’s
third lemma (Theorem 3.1).

Lemma 5.5 Let the ALE S have the asymptotic expansion (5.7) involving some func-
tion vy € LE(Pp), Egtbg = 0. Then

Eg oAy = Ik (5.9)
holds iff
Vn (S, — 9)(P9+tn/\/ﬁ) - N (t,Covg(tp)) (5.10)

for all convergent sequences t, — t in R¥.

5.2 Cramér-Rao Bound

In this subsection we show that in the parametric setup, and restricted to the class of
ALEs, the convolution theorem (Theorem 4.3) and the local asymptotic minimax theo-
rem (Theorem 4.5) coincide with the Cramér-Rao bound. Therefore we first specialize
these two theorems to the parametric context where one wants to estimate the parameter
t of the product models

Q= {Py,, m |t € RF} C My(A) (5.11)
The following proposition corresponds to Proposition 4.2.19 of [Rieder, 1994].

Proposition 5.6 (a) Let an asymptotic estimator R be regular for t with limit law
M € M1 (B¥). Then there is a probability My € M;(B*) such that

M = M+ N (0,Z,") (5.12)

A regular estimator R* achieves the limit law M* = N (0,7, ) iff R* is the standard-
ization of an estimator S* that is asymptotically linear at Py with IC 1y, g.
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(b) Let the loss function ¢ € L be lower semicontinuous on R¥. Then

lim lim liminf inf —t)dP} > 1
g, Jing, Ut sup J O 0 (R = 1) A1y 2 o (513)

where
po= [LdN(0,Z57) (5.14)

If the function £: R* — [0, 00] is continuous a.e. \¥, and the estimator S* is asymptoti-
cally linear at Py with IC 1)y, ¢, then

lim lim lim sup/bAE(\/ﬁ(S:L —60)—1) dPéZ_WW = po (5.15)

b—)oo C—00 N—00 |t‘<C

PRrROOF: By the LAN property of Q,, and Lemma 5.5, which ensures the uniformity on
t-compacts of weak convergence needed for (5.15), we may apply Theorems 4.3 and 4.5.

m

Now we adapt this results to ALEs which are regular in the sense of Definition 4.1 and
thus obtain the Cramér-Rao bound.

Proposition 5.7 Consider an estimator S = (.S,,) that is asymptotically linear at Py
with IC pg € Ua(0).
(a) Then its standardization R is regular with normal limit law

N (0, Covy(pg)) = N (0, Covglpg) — I, ") x N (0,Z, ) (5.16)

(b) Assume a loss function ¢ € L that is continuous a.e. \*. Then

lim lim lim sup/b/\f(\/ﬁ(sn—ﬁ) —t) dPye)/m

b— 00 C—00 N—00 |t|<c

(5.17)
= /Edj\/'(O,Cove(pg)) > /ng(O,Iel)

The lower bound is achieved by pg = vy 9. If £ is monotone quadratic and not constant
a.e. \¥, the lower bound can be achieved only by pg = Yh6-

PROOF: [Rieder, 1994], Proposition 4.2.20. Vi

6 Infinitesimal Robust Setup

For a very detailed introduction and motivation of robust statistics we refer to Chap-
ter 1 of [Hampel et al., 1986]. A quick introduction to robustness is also given by
[Huber, 1997]. In this section we introduce the infinitesimal robust setup which may
be found in Subsection 4.2.1 of [Rieder, 1994]. For a more detailed introduction to this
setup we also refer to [Bickel, 1981]. Let

UWO) ={U(0,r)|r 0,00)} (6.1)
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be any system of neighborhoods U (0, r) of radius r € [0, 00) about Py such that
PyeU(0,r)CcUb,r2) C Mi(A) 0<r <ry<oo (6.2)

Within this work we restrict ourselves to (convex) contamination (x = ¢) and total
variation (¥ = v) neighborhood systems U, (). [Rieder, 1994] also considers Hellinger
(* = h), Kolmogorov (* = k), Cramér-von Mises (* = p), Prokhorov (¥ = ) and Lévy
(* = A) neighborhood systems. In the cases * = ¢, v the system U, (f) consists of closed
balls about Py that are defined for an arbitrary sample space,

U.(0,1) = Bi(Py, ) r € [0, 00) (6.3)
where
Be(Py,r) ={(1=r)3+P+ (1A1)Q|Q € Mi(A)} (6.4)
By(Py,7) = {Q € Mi(A) | du(Q, Py) <7} (6.5)
with metric
0.(Q. ) = ; [14Q - drs| = sup Q(A) - Py (6.

and it holds B.(FPy,r) C By(Py,r).

Remark 6.1 The observations yi, ..., yn, which are i.i.d. under the null hypothesis Py,
may now be allowed to follow any law @ € U,(0,r), while still the parameter 6 has to
be estimated. Since the equation

Q="Pr+ Q- (6.7)
involving the nuisance component ) — Py, has multiple solutions ¢, the parameter 6 is
obviously no longer identifiable. Y/

Next we define p-dimensional tangents at Py and introduce simple perturbations of Pj.

Definition 6.2 For any dimension p € N and exponent o = 2, 0o, respectively, we define
ZE(9) = {C € LL(Pp) | Eg¢ = 0} (6.8)

The elements of Z%(0) respectively, Z5(0) are called square integrable respectively,
bounded p-dimensional tangents at Py. If a parametric model P is Lo differentiable
at 0, the Lo derivative Ay is called parametric tangent.

Remark 6.3 p-dimensional tangents may also be defined for arbitrary exponents a €
[1, 00]; confer Definition 4.2.1 of [Rieder, 1994]. Y/

Definition 6.4 A sequence Q,(,.) of simple perturbations of Py along ¢ € Z§(0) is
given by
LD

1
dQn(C,t) = (1 + ?tTCn)dPG ‘t‘ < m

v (6.9)
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where the approximating bounded tangents (, € Z% (0) are chosen such that

lim Eq ¢, —¢[*=0 sup |Cu] = o(v/n) (6.10)

Every t € R¥ is eventually admitted as a parameter value. In case of ¢ € Z* () we may
choose (,, = (; confer Remark 4.2.3 of [Rieder, 1994].

The contamination and total variation neighborhood systems cover simple perturbations
along Z% (6) (» = c) respectively, Z5(0) (+ = v), on the 1/y/n scale. The following
definition corresponds to Definition 4.2.6 of [Rieder, 1994].

Definition 6.5 We call the neighborhood system U(0) about Py full if for every ¢ €
ZE (0) and ¢ € (0,00) there exist some r € (0,00) and ng € N such that

t € R, [t|<e,meN, n>ny =  Qun((,t)€eU(O,r/vVn) (6.11)

In this context we also note Remark 4.2.7 of [Rieder, 1994] as part (a) of the following
remark.

Remark 6.6 (a) With the 1//n scaling, a neighborhood system is also called infinites-
imal. For sample size n — oo, neighborhoods and simple perturbations are scaled down
so, because, on the one hand, such deviations from the ideal model have nontrivial effects
on statistical procedures, while, on the other hand, they cannot be detected surely by
goodness-of-fit tests.

(b) The question, why infinitesimal contamination neighborhoods are shrinking at a
rate of \/n, is also answered in [Ruckdeschel, 2005] by constructing a Neyman-Pearson
test for binomial probabilities to detect outliers. Y/

Lemma 6.7 The systems U.(0) and U, (6) are full and they cover simple perturbations
along Z% (0) and Z5(0), respectively.

PROOF: [Rieder, 1994], parts (¢) and (v) of Lemma 4.2.8. Y/

As the following lemma shows, the sequence of n-fold product measures Q' (¢, .) is LAN
with asymptotically sufficient statistic Z,, = ﬁ Y1 ¢(y:) and asymptotic covariance

C = Covg(C).

Lemma 6.8 For every convergent sequence t, — t in R¥, the simple perturbations
Qn(¢,.) along ¢ € Z§(0), as defined by (6.9) and (6.9), satisfy

Jim i || /AQu(C 1) — Vs (1+ 7t7¢)| (612

=0
L5

and

log g = 7= 3211 C(yi) — 5t7 Covo(Q)t + opp (n°) (6.13)
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PROOF: [Rieder, 1994], Lemma 4.2.4. Y/

As a consequence of Lemma 6.8 together with Slutzky’s lemma, the Cramér-Wold device
and Le Cam’s third lemma (Theorem 3.1) we get,

Proposition 6.9 Consider an estimator S that is asymptotically linear at Py with IC
vy € Wa(0) and let Q,((,.) be a sequence of simple perturbations along ( € Zé“(@).
Then

V1 (S, = 0)(Qn (¢, tn)) —— Ni(Eget, Covg(thg)) (6.14)

for all convergent sequences t, — t in R¥.

Remark 6.10 Assume transforms 7: R¥ — RP (p < k) which are differentiable at 6
with bounded derivative D = d7(#) of full rank p,

T(0+1t) =7(0) + Dt + o(|t]) rkD =p (6.15)
Then we get by the finite-dimensional delta method, setting 1y = D1y,

Vn (108, —7(0)(Qn(C, tn)) = Np(Eoa19¢7t, Covg(ng)) (6.16)

for all convergent sequences t, — t in R¥. Y/

7 Optimal Influence Curves

7.1 Introduction

We now fix 8 € O and define the following subclasses of one-dimensional bounded tan-
gents

G.(6) = {q € Zuu(0) | intr, g = —1} (r.)
and

Go(6) = {4 € Zoa(0) | Folg| < 2) (7.2)
By formally identifying ¢"¢ = rq, the simple perturbations along ¢ € Z¥ () are, for
Vvn > —rinfp, q,

1Qu(g,7) = dQu(C.1) = (1 T q) aP, (7.3)

-
vn
Lemma 7.1 Given q € Z(0) and r € (0,00). Then, in the cases x = c¢,v, for every
n € N such that \/n > —rinfp, g,

Qn(q;7) € Bu(Pp,m/v/n) <= q€G.(0) (7.4)

PROOF: On identifying ¢"¢ = rq this may be read off the parts (¢) and (v) of the proof
of Lemma 4.2.8 in [Rieder, 1994]. Y/
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In view of Proposition 6.9 and Remark 6.10 we obtain the following result.

Proposition 7.2 Consider an estimator S that is asymptotically linear at Py with IC
Yy € Wo(0) and let Q,(C,.) be a sequence of simple perturbations along q € Zs(0).
Moreover assume transforms 7: R¥ — RP (p < k) which are differentiable at 6 with
bounded derivative D = dt(0) of full rank p,

T(0+1t) =7(0) + Dt + o(|t]) rkD =p (7.5)
and let ng = D1y and
po= [ £aN(rEo g, Covalm) (76)
(a) If ¢: RP — [0, 0] is lower semicontinuous then for all r € (0, c0),
iimin [ (v (7 o S, = 7(6))) dQ(a. ) = po (7.7

(b) If ¢: RP — [0, 00] is continuous a.e. AP then for all r € (0, 00),

lim lim [ M AL(Vn(T0S, —7(0)))dQp(q,T) = po (7.8)
M —o00 n—00
ProOOF: Consequence of Proposition 6.9 and Remark 6.10 together with
(a) the Lemma of Fatou in the version of Lemma A.2.1 of [Rieder, 1994].
(b) the continuous mapping theorem. /i

This leads us to the following limiting risk for ALEs, in the cases x = ¢, v,

sup lim lim [ M AL(Vn(r0S, —7(8)))dQp(g,r) = sup po (7.9)
9€G.(9) M—oon—o0 9€G(0)

Choosing quadratic loss £(z) = |z|?, we obtain the subsequent asymptotic mean square
error (MSE) problems,

maxMSEq (g, 1) := Ep|ng|* + r?ws 9(7s)* = min! ng € VP (6) (7.10)
with
wio(ng) = sup {| Egmoql [ q € G(0)} (7.11)

where the radius r € (0,00) of the simple perturbations (7.3) is fixed. The solutions to
this optimization problems are given in Subsection 7.4. The determination of the solu-
tions is based on Langrange multiplier theorems derived in Appendix B of [Rieder, 1994]
and canonically leads to the following Hampel type problem!, with bound b € (0, co)
fixed,

Eplng* = min!  np € WP (6), w.p(ng) <b (7.12)

Thus, the solutions to this Hampel type problems are given beforehand in Subsection 7.3.
The standardized (infinitesimal) bias terms wy g(ng) that occur in the optimization prob-
lems are more or less explicitly calculated in Subsection 7.2.

in allusion to the problem solved in Lemma 5 of [Hampel, 1968]



7.2 Bias Terms 7 OPTIMAL INFLUENCE CURVES

Remark 7.3 (a) Actually, we are interested in the following limiting risk

lim lim sup /M AN(y/n (T oS, —7(8)))dQ" (7.13)
M—=00n=00 Oeu, (0,r/y/n)

Thus, it must be made sure, that at least for the optimal ICs, the interchanging of
limpys lim,, and sup, and the passage from the neighborhood submodel to full neighbor-
hoods does not increase the asymptotic risk (7.9). Under additional assumptions on the
optimal ICs, this goal can be achieved by suitable estimator contructions described in
Chapter 6 of [Rieder, 1994].

(b) Since the normal distribution is fully specified by its first two moments, one might,
analogously to pp. 197 of [Fraiman et al., 2001], think of the following general optimality
problem

sup g(rEgngg, Covg(ng)) = min! 1y € ¥3(6) (7.14)
q€G+(0)
for suitable functions g. By choosing g(x1,2) = |z1|*+tr(z2) and g(z1, 22) = 00 Ly ey (1) +
tr(xg), respectively, this problem also covers the MSE and the Hampel type problem
stated above. Y/

To lighten the notation we drop the fixed parameter 6 and write w, = w9 and 1 = g
as well as G, = G.(0) and \IIZD = \IJQD(H). Moreover let E = E4 denote expectation,
Cov = Covyg covariance, and infp, supp the essential extrema, under P = Fj.

7.2 Bias Terms
The standardized bias terms w, for * = ¢, v have the following general properties.

Lemma 7.4 Let x = ¢,v and n € L{(P). Then

wy(n) = w«(n —En) (7.15)
wi(n) = sup {w.(e™n) |e € RP, |e| =1} (7.16)
we(n) < wy(n) < 2we(n) (7.17)

The terms w, are positively homogeneous, subadditive, hence convex on LY (P), and
weakly lower semicontinuous on L (P).

PRrOOF: [Rieder, 1994], Lemma 5.3.2. Y/
One gets the following explicit expressions for wy.
Proposition 7.5 Let n € L1(P) with En = 0. Then

we(n) = supp [n] (7.18)
wy(n) = sup { supp e”n — infpeTn ‘ ecRP, |e| =1} (7.19)

PROOF: [Rieder, 1994], Proposition 5.3.3 (a). Y/
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Remark 7.6 For n € Li(P) such that 7 is bounded and En = 0, it turns out that
the standardized bias terms evaluated over full contamination and total variation balls
do not exceed w, by more than the increase of some P essential to pointwise extrema;
confer Lemma 5.3.4 of [Rieder, 1994]. /i

7.3 Minimum Trace Subject to Bias Bound

In this section we give the unique solutions to the Hampel type problems (7.12). For
various aspects of this problem confer pp. 196 of [Rieder, 1994]. We first give the unique
solution for * = c.

Theorem 7.7 (a) In case w™™ < b < w.(ny), there exist some a € RP and A € RP*F
such that the solution is of the form

n=(AA —a)w w = min {1, ]AAb—a\} (7.20)

Conversely, if some 7j € WP is of form (7.20) for any b € (0,00), a € RP, and A € RP*¥,
then 7} is the solution, and the following representations hold,

a= Az 0=EA - 2)w D=AEA—-2)(A—2)"w (7.21)

where AD™ = DA™ > 0.
(b) It holds that

w

; . [E|]AA —q|

acRP, AeRPk\ {0}} (7.22)

There exist a € RP, A € RP** and 77 € P achieving w™™ = b, respectively. And then

C
necessarily
AN —a
N=b— AA 7.23
I=baa o {dd2a) (7.23)
Moreover, a = Az for some z € RF, and AD™ = DA™ > 0.
If 77 in addition is constant on {AA = a}, then it is the solution.

PROOF: [Rieder, 1994], Theorem 5.5.1. m

Since the explicit bias terms for * = v and p > 2 are difficult to handle, we state the
unique solution only for p = 1.

Theorem 7.8 (a) In case w™™ < b < w,(ny), there exist some ¢ € (—b,0) and A € R1*F
such that
n=cVAANA(c+D) (7.24)

is the solution, and
o) = b (7.25)
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Conversely, if some 7j € V2 is of form (7.24) for any b € (0,00), ¢ € R, and A € R*¥,
then 7} is the solution, and the following representations hold,

E(c— AA); =E(AA— (c+b))y D=E[cVAAA(c+b)]AT (7.26)
(b) It holds that

min __ : E(AA)-I—
wy = mln{ 1D

There exist A € RV* and 7 € UL achieving w™™ = b, respectively. And then necessarily

A e RPN {o}} (7.27)

DL(AA # 0) = cI(AA < 0) + (c + b) I(AA > 0) (7.28)

for some ¢ € (—b,0). In the case k = 1, the solution is

P(A P(A
77 = bsign(D) <P§A;8; I(A > 0) — PEA;g; I(A < 0)> (7.29)
PROOF: [Rieder, 1994], Theorem 5.5.5. Y/

7.4 Mean Square Error

In this section we give the solutions to the MSE problemss (7.10).

Theorem 7.9 (a) The solutions to problem (7.10) for * = ¢ and (x = v, p = 1),
respectively, are unique.

(b) The solution to problem (7.10) and * = ¢ coincides with the solution of prob-
lem (7.12) and * = ¢, with b € (0,00) and r € (0,00) related by

r?b =E (|AA —a| —b) | (7.30)

(c) The solution to problem (7.10) and (x* = v, p = 1) coincides with the solution of
problem (7.12) and (x = v, p=1), with b € (0,00) and r € (0, 00) related by

r?b=E (c— AN) 4 (7.31)
PROOF: [Rieder, 1994], Theorem 5.5.7. m

The following result may, in terms of statistical risk, be interpreted as an extension of
the classical Cramér-Rao bound under quadratic loss, in which tr A = tr 7.

Lemma 7.10 It holds
maxMSE (7, r) = tr AD” (7.32)
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PROOF:
* = c: We define Y := A(A — z). Then
maxMSE (7, 7) = E ] + r’w2 (i)
= E[Y[Pw? + r°b?
=EY"7—EY Yw(l —w) + r’b?
=trAD” —EY " Yw(l — w) + b by (7.21)
Moreover

i b b
EYYw(l—w)=E yY|2|Y|<1 — \Y!)
+

=bE([Y]-b),
= r2p? by (7.30)

* = v, p = 1: We define Y := AA € R and w := 1 Amax {Z, 52 }. Then j = Yw
and we get analogously to the case x = ¢

maxMSE (7,7) = AD” —EY?w(l —w) +r?b*> by (7.26) (7.33)

20(1 —w) = BY?maxd <, <01 (1 _ cctb
EY‘w(l —w)=EY max{y, v }(1 ma {Y’ v }>+ (7.34)

= (c+D)E(Y —(c+b), —cE(c—Y)
=7 by (7.26) and (7.31)

Again

_l’_

m

Remark 7.11 This correspondence for the asymptotic minimax MSE holds more gen-
erally and can be verified for the cases * = c,v, t = 0,¢,a, s = 0,¢,2 considered in
[Rieder, 1994]. Exceptions are the cases x = h,t =0,s =0,eand * = h,t =a =2,s = e,
where the optimal robust ICs are identical to 7, and maxMSE(n,, ) = tr DI~ D7 +72p2.

"
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